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Nested Pushdown Trees (NPT)
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> Nested words: »(‘@)»-»3»)

> Nested trees: every path is a nested word
> Nested pushdown tree NPT (P): (V,—, (Pg)gcq, —)

(V,—): tree of runs of P
Pg: last state of the run

< binary relation between corresponding push and pop

Theorem (Alur, Chaudhuri, Madhusudan)

modal p-calculus model checking is decidable
monadic second-order model checking is undecidable
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NPT example
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Transitions:
(g, L) — (g,push,) (q,a) — (g,push,) (q,a) — (p,id) (p,a) — (p,pop)

gl —=gq la—=gq,laa—=gq, laaa—- - - -
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NPT example
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Transitions:
(g, L) — (q,push,) (q,a) — (g,push,) (q.2) — (p.id) (p,a) — (p,pop)

g L—-q la—=gq,laa—=gq, laaa—- - - -
v v v
p, L p, Laa \ p, Laaa
\ v \
p, L ,La p, Laa
v
p, La

\
p, L

p, L

Interpretation of grid = undecidable for MSO

February 12, 2009 | Alexander Kartzow | TU Darmstadt | AG Logik | 3



FO Model Checking on Nested Pushdown Trees
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Theorem
FO-model checking on NPT is decidable

Proof idea:
» Simulation: NPT — Collapsible Pushdown Graphs (CPG)
» FO-interpretation: ¢ € FO,, — ¢’ € FOpy3
FO-model checking on nice CPG:
» Pumping lemmas
» Gaifman-like argument

» Brute force inspection of small witnesses
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Collapsible Pushdown Systems (of order 2)
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» Higher-order pushdown system: pushdown system with a stack of stacks

> Collapsible Pushdown System(CPS):
higher-order pushdown systems + collapse-operation.

Theorem (Hague, Murawski, Ong, Serre)

modal p-calculus model checking: decidable
MSO model checking: undecidable

Status of FO model checking: open
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A level 2 stack is a list of stacks s = wy : wa 1 ... : W,
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stack of stacks and stack-operations CECHNISCHE
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A level 2 stack is a list of stacks s = wy : wo 1 ... 1 w,,.
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stack of stacks and stack-operations

TECHNISCHE
UNIVERSITAT
DARMSTADT

A level 2 stack is a list of stacks s = wy : wo 1 ... 1 w,,.
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A level 2 stack is a list of stacks s = wy : wo 1 ... 1 w,,.
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A level 2 stack is a list of stacks s = wy : wo 1 ... 1 w,,.
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stack of stacks and stack-operations CECHNISCHE
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A level 2 stack is a list of stacks s = wy : wo 1 ... 1 w,,.
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Collapsible Pushdown Graphs (CPG)
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» Collapsible pushdown system with stack of stacks
» Operations: push,, clone, pop;, pop,, collapse
» Configurations: (g,s) — g a state, s a stack
Edges: (q,5) % (', 5"
for transitions (g, top;(s)) — (q’, op) with op(s) = s’
» CPG: Graph of reachable configurations with labeled transitions

Vertices in NPT: runs of pushdown system
Vertices in CPG: configurations of higher-order pushdown system
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Simulation of NPT with CPS
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NPT CPS
run of a pushdown system list of stacks + state
nesting relation — collapse
1 stack operation (level 1) | up to 4 stack operations (level 2)
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Simulation of NPT in CPG TECHNISCHE
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clone
pop; clone .
push, - pop;
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Nice collapse: Preservation of last word!
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Example of Simulation TECHNISCHE
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Model Checking on Nice CPG
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> Only use "nice” CPG: adjacent configurations have similar last stack

Lemma
FO-model checking on “nice” CPG is decidable

Proof idea:
1. Pumping lemmas: large stack s — small stack s’

4

Allows brute force inspection of small configurations

2. Gaifman-like argument: s ~, s’
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Gaifman-like Lemma
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ANB=10
AxBNE=1
C=G\(AUB)
p:Aa~B,b
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ANB=10
AxBNE=0
C=G\(AUB)
p:Aa~B,b

Ao =AN sz_l(a)
By =Bn sz_l(b)
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C=G\(AUB)
p:Aa~B,b

Ao =AN sz_l(a)
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Pumping Lemmas TECHNISCHE
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Pumping and ~,, on nice CPG
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”W'Hﬂ”““’
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Pumping and ~,, on nice CPG
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same states
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Pumping and ~,, on nice CPG

TECHNISCHE
UNIVERSITAT
DARMSTADT
a
J
1
1
|
[
[ — same states
[
1 O ]
same states [ 1
[ [
| | [
1 ] [T s 17T
[ [ T W T |
[ I [
[

February 12, 2009 | Alexander Kartzow | TU Darmstadt | AG Logik | 14



Pumping and ~, on nice CPG ECHNISCHE

UNIVERSITAT
DARMSTADT

same states

February 12, 2009 | Alexander Kartzow | TU Darmstadt | AG Logik | 14



Pumping and ~, on nice CPG ECHNISCHE

UNIVERSITAT
DARMSTADT

DUHHDD°

Dluilﬂumm

February 12, 2009 | Alexander Kartzow | TU Darmstadt | AG Logik | 14
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Pumping and ~, on nice CPG ECHNISCHE
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Known results (on NPT and CPG):
» Decidable for modal u-calculus
» Undecidable for MSO

New result:

» Decidable FO model checking on NPT
Proof:

» Simulating NPT on “nice” CPG

» Pumping Lemma + Gaifman-like argument on graphs of small diameter
Still open:

» FO model checking on arbitrary CPG
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