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ABSTRACT. We introduce a new hierarchy of higher-order nested pushdown trees gen-
eralising Alur et al.’s concept of nested pushdown trees. Nested pushdown trees are
useful representations of control flows in the verification of programmes with recursive
calls of first-order functions. Higher-order nested pushdown trees are expansions of un-
foldings of graphs generated by higher-order pushdown systems. Moreover, the class of
nested pushdown trees of level n is uniformly first-order interpretable in the class of col-
lapsible pushdown graphs of level n+ 1. The relationship between the class of higher-order
pushdown graphs and the class of collapsible higher-order pushdown graphs is not very
well understood. We hope that the further study of the nested pushdown tree hierarchy
leads to a better understanding of these two hierarchies. In this paper, we are concerned
with the first-order model checking problem on higher-order nested pushdown trees. We
show that the first-order model checking on the first two levels of this hierarchy is decid-
able. Moreover, we obtain an 2-EXPSPACE algorithm for the class of nested pushdown
trees of level 1. The proof technique involves a pseudo-local analysis of strategies in the
Ehrenfeucht-Fraissé games on two identical copies of a nested pushdown tree. Ordinary
locality arguments in the spirit of Gaifman’s lemma do not apply here because nested
pushdown trees tend to have small diameters. We introduce the notion of relevant ancest-
ors which provide a sufficient description of the FOg-type of each element in a higher-order
nested pushdown tree. The local analysis of these ancestors allows us to prove the exist-
ence of restricted winning strategies in the Ehrenfeucht-Fraissé game. These strategies are
then used to create a first-order model checking algorithm.

1. INTRODUCTION

During the last decade, different generalisations of pushdown systems have gained attention
in the field of software verification and model checking. Knapik et al. [15] showed that
Higher-order pushdown systems, first defined by Maslov [16, 17], generate the same class
of trees as safe higher-order recursion schemes. Safety is a syntactic condition concerning
the order of the output compared to the order of the inputs of higher-order recursion
schemes. A higher-order pushdown system is a pushdown system that uses a nested stack
structure instead of an ordinary stack. This means that a level 2 pushdown system (2-PS)
uses a stack of stacks, a level 3 pushdown system (3-PS) uses a stack of stacks of stacks,
etc. Hague et al. [10] defined the class of collapsible pushdown systems by adding a new
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stack operation called collapse. They proved that the trees generated by level [ collapsible
pushdown systems coincide with the trees generated by level [ recursion schemes. The exact
relationship between the higher-order pushdown hierarchy and the collapsible pushdown
hierarchy remains an open problem. It is not known whether the trees generated by safe
recursion schemes are a proper subclass of the trees generated by all recursion schemes.!
Due to the correspondence of recursion schemes and pushdown trees, this question can be
equivalently formulated as follows: is there some collapsible pushdown system that generates
a tree which is not generated by any higher-order pushdown system?

Also from a model theoretic perspective these hierarchies are interesting classes. The
graphs generated by higher-order pushdown systems are exactly the graphs in the Caucal-
hierarchy [6]. Thus, they are one of the largest known classes with decidable monadic second-
order theories. In contrast, Broadbent [4] recently showed that the first-order theories of
graphs generated by level 3 collapsible pushdown systems are in general undecidable (level 2
collapsible pushdown graphs have undecidable monadic second-order theories but decidable
first-order theories [10, 13]). Thus, the collapse operation induces a drastic change with
respect to classical decidability issues.

Furthermore, collapsible pushdown graphs have decidable modal p-calculus theories
[10]. In fact, the class of collapsible pushdown graphs and the class of nested pushdown trees
are the only known natural classes with decidable modal p-calculus theories but undecidable
monadic second-order theories.

Further study of the higher-order pushdown hierarchy and the collapsible pushdown
hierarchy is necessary for a better understanding of these results. It may also reveal an
answer to the question whether safety implies a semantical restriction for recursion schemes.

In this paper we introduce the hierarchy of higher-order nested pushdown trees. This is
a new hierarchy between the hierarchy of higher-order pushdown trees and that of collapsible
pushdown graphs. We hope that its study reveals more insights into the structure of these
hierarchies.

Nested pushdown trees were first introduced by Alur et al. [1]. These are trees generated
by pushdown systems (of level 1) enriched by a new jump relation that connects each push
operation with the corresponding pop operations. They introduced these trees in order
to verify specifications concerning pre/postconditions on function calls/returns in recursive
first-order programmes. “Ordinary” pushdown trees offer suitable representations of control
flows of recursive first-order functions. Since these trees have decidable monadic second-
order theories [18], one can use these representations fruitfully for verification purposes. But
monadic second-order logic does not provide the expressive power necessary for defining the
position before and after the call of a certain function in such a pushdown tree. Alur et
al.’s new jump relation makes these pairs of positions definable by a quantifier-free formula.
Unfortunately, this new relation turns the monadic second-order theories undecidable. But
they showed that modal p-calculus model checking is still decidable on the class of nested
pushdown trees. Thus, nested pushdown trees form a suitable representation for control
flows of first-order recursive programmes for the verification of modal p-calculus definable
properties of the control flows including pre/postconditions on function calls/returns.

Of course, the idea of making corresponding push and pop operations visible is not
restricted to pushdown systems of level 1. We define a level n nested pushdown tree (n-
NPT) to be a tree generated by a level n pushdown system (without collapse!) expanded by

1Recently, P. Parys [20] proved the uniform safety conjecture for level 2: there is a level 2 recursion
scheme that is not generated by any level 2 safe scheme.
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a jump relation that connects every push of level n with the corresponding pop operations
(of level n).

This new hierarchy contains by definition expansions of higher-order pushdown trees.
Moreover, we show that the class of n-NPT is uniformly first-order interpretable in the class
of level n + 1 collapsible pushdown graphs.

We then study first-order model checking on the first two levels of this new hierarchy.
Especially, we provide a 2-EXPTIME alternating Turing machine deciding the model check-
ing problem for the class of 1-NPT. We already proved the same complexity bound in [12].
Here, we reprove the statement with a different technical approach that generalises to the
higher levels of the nested pushdown tree hierarchy.

Outline. Section 2 contains some basic definitions concerning first-order logic and higher-
order pushdown systems. Moreover, we recall the basics of Ehrenfeucht-Fraissé games and
explain how the analysis of strategies in these games can be used to derive first-order model
checking algorithms on certain classes of structures. In Section 3, we then introduce the
hierarchy of nested pushdown trees. We relate this hierarchy to the hierarchies of pushdown
trees and of collapsible pushdown graphs. From that point on, we only focus on the first-
order model checking problem for the first two levels of the nested pushdown tree hierarchy.
In Section 3.1, we explain the rough picture how the ideas of Section 2.1 lead to a model
checking algorithm for this class. We then give an outline of the Sections 4-7 which provide
the details of the correctness proof for the model checking algorithm presented in Section
7. Finally, we give some concluding remarks and point to open problems in Section 8.

2. PRELIMINARIES AND BASIC DEFINITIONS

We denote first-order logic by FO. The quantifier rank of some formula ¢ € FO is the
maximal number of nestings of existential and universal quantifiers in ¢. We denote by
FO, the set of first-order formulas of quantifier rank up to p and by =, equivalence of
structures with respect to all FO, formulas. This means that 2 =, %5 if and only if for all
peFO,, AEp<DBE(holds.

The FO model checking problem on a class C asks for an algorithm that determines
whether 24 &£ ¢ on input (2, ) where 2 € C and ¢ € FO. In Section 2.1, we develop
a translation from dynamic-small-witness strategies in Ehrenfeucht-Fraissé games to FO
model checking algorithms on nice classes of structures. A dynamic-small-witness strategy
in the Ehrenfeucht-Fraissé game allows Duplicator to answer any challenge of Spoiler by
choosing some element with a short representation. In Section 2.2 we introduce higher-order
pushdown systems.

2.1. Ehrenfeucht-Fraissé Games and First-Order Model Checking. The equival-
ence =, has a nice characterisation via Ehrenfeucht-Fraissé games. Based on the work of
Fraissé [9], Ehrenfeucht [7] introduced these games which have become one of the most
important tools for proving inexpressibility of properties in first-order logic. In this paper,
we use a nonstandard application of Ehrenfeucht-Fraissé game analysis to the FO model
checking problem: strategies of Duplicator that only choose elements with small repres-
entations can be turned into a model checking algorithm. After briefly recalling the basic
definitions, we explain this approach to model checking in detail. In the main part of this
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paper, we will see that this approach yields an FO model checking algorithm on the class
of nested pushdown trees of level 2.

Definition 2.1. Let 2; and 23 be o-structures. For tuples

a'=ai,aj,...,al € AT and @® = a?,a3,...,a>, € A
we write @' ~ @? for the map that maps a} to a? for all 1 < ¢ < m. In the n-round
Soad 1 .1 1 2 2 2 J
Ehrenfeucht-Fraissé game on 2y, ay,as,...,a,, and 2As,af,a3,...,a;, for a; € A; there are

two players, Spoiler and Duplicator, which play according to the following rules. The game
is played for n rounds. The i-th round consists of the following steps.

(1) Spoiler chooses one of the structures, i.e., he chooses j € {1,2}.

(2) Then he chooses one of the elements of his structure, i.e., he chooses some a’ . € A;

. m+i 7"
(3) Now, Duplicator chooses some a?n_fi € Az_j.
Having executed n rounds, Spoiler and Duplicator have chosen tuples

a'=a7,a3,. .., 00, € AT

2 2 2 m+n
» Ym+n EAQ :

52 .=
and a”:=aj,a3,...,0m,,

2

Duplicator wins the play if f:a' ~ a? is a partial isomorphism, i.e., if f satisfies

(1) a} =a]1- if and only if a? =aJ2 forall 1<i<j<m+mn, and
(2) for each R; € o of arity r the following holds: for iy,is,...,4, numbers between 1
and m+n, Ay, a' E Rizi x;, ... xz;, if and only if A, a’ e Rz i, ...,

r

Lemma 2.2 ([9, 7]). Let 1, Ao be structures and let a' € A", @ € Ay be n-tuples. Duplic-
ator has a winning strategy in the p-round Ehrenfeucht-Fraissé game on Aq,a' and s, a?
if and only if Ay, at =, Ay, a’.

In this paper apply the analysis of Ehrenfeucht-Fraissé games to the FO model checking
problem. We use a variant of the notion of H-boundedness of Ferrante and Rackoff [8])The
existence of certain restricted strategies in the game played on two identical copies of a
structure yields an FO model checking algorithm.

We consider the game played on two copies of the same structure, i.e., the game on 2, a'
and 2, a® with identical choice of the initial parameter a' = a® € 2. Of course, Duplicator
has a winning strategy in this setting: she can copy each move of Spoiler. But we look
for winning strategies with certain constraints. In our application the constraint is that
Duplicator is only allowed to choose elements that are represented by short runs of higher-
order pushdown systems, but the idea can be formulated more generally.

Definition 2.3. Let C be a class of structures. Assume that S%(m) ¢ A™ is a subset of
the m-tuples of the structure 2 for each 2A € C and each m € N. Set S := (Sm(m))meNﬂe(g.
We call S a constraint for Duplicator’s strategy and we say Duplicator has an S-preserving
winning strategy if she has a strategy for each game played on two copies of 2 for some
2 € C with the following property. Let a' — @ be a position reached after m rounds where
Duplicator used her strategy. If a® € S¥(m) and Spoiler chooses some element in the first

copy of 2, then her strategy chooses an element a?,,, such that a2, a2,,, € S%(m +1).

Remark 2.4. We write S(m) for $%(m) if 2 is clear from the context.

We now want to turn an S-preserving strategy of Duplicator into a model checking
algorithm. The idea is to restrict the search for witnesses of existential quantifications to
the sets defined by S. In order to obtain a terminating algorithm, .S must be finitary in the
sense of the following definition.
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Definition 2.5. Given a class C of finitely represented structures, we call a constraint S
for Duplicator’s strategy finitary on C, if for each 2 € C we can compute a function fy such
that for all n e N

e S%(n) is finite,

e there is a representation for each @ e S¥(n) in space fy(n), and

e ac S¥(n) is effectively decidable.

Recall the following fact: if Duplicator uses a winning strategy in the n round game,
her choice in the (m+1)-st round is an element a? ,; such that 2,a',al | =,-m-1 A, a2, a2 ,;.
Hence, if Duplicator has an S-preserving winning strategy, then for every formula (1, 22, ..., Zms1) € FOp_m-1
and for all a € A™ with a € S(m) the following holds:

there is an element a € A such that a,a € S(m+1) and 2,a,a F ¢
iff there is an element a € A such that 2, a,a E ¢
iff A,a = Jzmerp.

Let us fix some class C of finitely represented structures and let .S be some finitary constraint
on C such that Duplicator has an S-preserving winning strategy. In this case the alternating
Turing machine described in Algorithm 1 solves the FO model checking problem on C. 2
Its running time on input (2, ¢) is fu(|¢|) - |¢| and it uses at most |¢| many alternations.

2.2. Higher-Order Pushdown Systems. In order to define what a level n nested push-
down tree is, we first have to introduce pushdown systems of level n (n-PS).

An n-PS can be seen has a finite automaton with access to an n-fold nested stack
structure. This generalises the notion of a pushdown system by replacing a single stack
with a structure that is a stack of stacks of stacks ...of stacks. A nested stack of level n
can be manipulated by level [ push and pop operations for each level [ <n. For 2 <[ < n,
the level [ push operation clone; duplicates the topmost entry of the topmost level [ stack.
The level 1 push operation push, writes the symbol ¢ on top of the topmost level 1 stack.
For 1 <1< n, the level [ pop operation pop; removes the topmost entry of the topmost level
[ stack.

For some alphabet 3, we inductively define the set of level n stacks over ¥ (n-stacks),
denoted by ¥*" as follows. Let X! := * denote the set of all nonempty finite words over
alphabet . We then define X*("*+1) .= (3+7)*

Let us fix an (n + 1)-stack s € $*("*1)_ This stack s consists of an ordered list
$1,892,...,8m € 27", If we want to state this list explicitly, we separate them by colons
writing s = §1 : 89 : -+ : S, By |s| we denote the number of n-stacks s consists of, i.e.,
|s| = m. We call |s| the width of s. We also use the notion of the height of s. This is
hgt(s) := max{|s;|: 1 <i <m}, i.e., the width of the widest n-stack occurring in s.

Let ' be an (n + 1)-stack such that &' = s} : s : -+ 5] € ("D We write s : s for the
concatenation sy : 8-+ i Sy, 18] ish i s).

If s e 2*(" 1 we denote by [s] the n-stack that only consists of a list of length 1 that
contains s. We regularly omit the brackets if no confusion arises.

Let 3 be some finite alphabet with a distinguished bottom-of-stack symbol L € 3. The
initial stack 1; of level [ over ¥ is inductively defined by 17 := 1L and 1, :=[Ly-1]-

2Without loss of generality we assume first-order formulas to be generated from atomic and negated
atomic formulas only by means of disjunction v, conjunction A, existential quantification 3 and universal
quantification V.
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SModelCheck
Input: a structure A , a formula ¢ € FO,,, an assignment Z ~ a for tuples Z,a of
arity m such that a € S(m)
if ¢ is an atom then
‘ if 2,akE ¢(z) then accept else reject;
end
if p =1V s then
if SModelCheck (2, a, 1) = accept then accept else
‘ if SModelCheck (2, a, ps)= accept then accept else reject;
end
end
if p =¢1 A2 then
if SModelCheck (2, a,w1) = accept then
‘ if SModelCheck (2, a, p2)= accept then accept else reject;
end
else reject;
end

if p = =y then
‘ if SModelCheck (2, a, 1) = accept then reject else accept;
end
if ¢ = 3zp1(7,x) then
‘ guess an a € 2 with @,a € S(m + 1) and SModelCheck (2, aa, v1);
end
if v =Va;p; then
‘ universally choose an a € 2 with a,a € S(m + 1) and SModelCheck (2, aa, p1);
end

Algorithm 1: FO-model checking on S-preserving structures

Before we formally define the stack operations, we introduce an auxiliary function
top;, that returns the topmost entry of the topmost k-stack. Let s=s1:s0:--::5,¢€ y+
be some stack and let 1 < k < [. We define the topmost level k — 1 stack of s to be

Sn if k=1,
topy(s) ’={

topy(sn) otherwise.



FIRST-ORDER LOGIC ON HIGHER-ORDER NESTED PUSHDOWN TREES 7

Definition 2.6. For s = sy :s9:---:5, € 2" for c e D\ {1}, for 1 <k <l and for 2<j <1,
we define the stack operations

clone;j(s) := {

$1:89:1 1 8p-1:8n:Sn if j =122,

§1:89 %+ 8,1 :clone;j(s,) otherwise.

so ifl=1,
push,(s) = .
$1:89:1-+:8y-1:pushy(s,) otherwise.
S1:82:1 1 8p-1:pOpi(sn) if k<1,
POPL(8) =181 1821+ Spoy ifk=10n>1,
undefined otherwise, i.e.,k=[,n=1,
and id(s) :=s.

The set of level | operations is denoted by OP;.

For 2 <7 <n and o € 3, we call push, a push of level 1 and clone; a push of level 7.

For stacks s,s’ we write s < s’ and say s is a substack of s’ if s is generated from s’
by application of a sequence of pop operations (of possibly different levels). Note that on
1-stacks, i.e., on words, < coincides with the usual prefix relation.

Having defined [-stacks, we present pushdown systems of level [.

Definition 2.7. A pushdown system of level [ (I-PS) is a tuple § = (Q, X, A, qo) where Q is
a finite set of states, 3 a finite stack alphabet with a distinguished bottom-of-stack symbol
1 €X, qo € Q the initial state, and A € Q x X x ) x OP; the transition relation.

An [-configuration is a pair (g,s) where ¢ € Q and s € Stacks;(X). For ¢1,¢2 € Q,
s,t € Stacks;(X) and for § = (¢1,0,q2,0p) € A, we define the d-relation ~ as follows. Set
(q1,5) 0 (go,t) if op(s) =t and top,(s) = 0. We call = Ugsea +° the transition relation of
S.

Definition 2.8. Let S be a I-PS. A run p of § is a sequence of configurations that are
connected by transitions, i.e., a sequence
o1

o2 9 ... 0

CoF " Cc1H“ co- =" ey,

We also write p(i) := ¢; for the i-th configuration occurring within p. We call n the
length of p and set len(p) := n. If some run = is an initial segment of the run p, we write
m < p. We write 7 < p if 7 is a proper initial segment of p.

If 7 is a run from ¢y to ¢; and p is a run from c¢; to ca, then we denote by 7o p the
composition of 7 and p which is the run from ¢g to ¢o defined by cp*-c1%-co.

3. THE NESTED PUSHDOWN TREE HIERARCHY

Generalising the definition of nested pushdown trees (cf. [1]), we define a hierarchy of higher-
order nested pushdown trees. A nested pushdown tree is the unfolding of the configuration
graph of a pushdown system expanded by a new relation (called jump relation) which
connects each push operation with the corresponding pop operations. Since higher-order
pushdown systems have push and pop operations for each stack level, there is no unique
generalisation of this concept to trees generated by higher-order pushdown systems. We
choose the following version: we connect corresponding push and pop operations of the



8 ALEXANDER KARTZOW UNIVERSITAT LEIPZIG

highest stack level. This choice ensures that the jump edges form a well-nested relation.
The exact definition of a higher-order nested pushdown tree is as follows.

Definition 3.1. Let N = (Q, 3, qo,A) be an n-PS. The level n nested pushdown tree (n-
NPT) 91:= NPT(N) is the unfolding of the pushdown graph of A from its initial configur-
ation expanded by the jump relation ~ which connects each level n push operation with all
corresponding pop,, operations, i.e., for runs p1, p2 of N' we have p; ~ py if p decomposes
as pg = p1 o p for some run p from (gq,s) to (¢, s) of length m such that

p(0) and p(1) are connected by a level n push operation,
p(m —1) and p(m) are connected by a level n pop operation, and
p(i) #(g,s) forall 1 <i<m and all G e Q.

Remark 3.2. Note that for all po € NPT(N) there is at most one p; € NPT(N) with
p1 ~ p2, but for each p; € NPT(N) there may be infinitely many p, € NPT(N) with

pP1 ™ pP2.

For each | < I’ the class of nested pushdown trees of level [ are uniformly first-order
interpretable in the class of nested pushdown trees of level I’. If [ = 1, one just replaces any
push, transition by a cloney transition followed by a push, transition. Furthermore, one
replaces each pop, transition by a pop; transition. In all other cases, we just replace clone;
and pop; by cloney and popy.

The hierarchy of higher-order nested pushdown trees is a hierarchy strictly extending
the hierarchy of trees generated by higher-order pushdown systems. Furthermore, it is first-
order interpretable in the collapsible pushdown graph hierarchy.®> We now sketch the proof
of this claim. Fix an [-PS . N generates an [-NPT 9. Each node of 91 represents a run of
N starting in the initial configuration. A run can be seen as a list of configurations. This
is a list of pairs of states and stacks. Pushing the state on top of the stack, a run can be

represented as a list of [-stacks. Let si,s9,s3,...,s, be the stacks representing some run.
Then s1:89::+-: 5, is an (I + 1)-stack representing the run. In this representation, an edge
in the [-NPT corresponds to the extension of s; :s9:---: 5, to a list s7:850:---:8, : Spy1

where s, 41 is generated from s, by removing the state written on top of s,, applying a
stack operation and writing the new final state on top of the stack. Hence, we can use this
representation and define a level (I +1)-PS S such that the tree generated by N is first-
order interpretable in the configuration graph of S. We interpret each edge of NPT(N) as
a path of length 4 in the configuration graph of §. Such a path performs the operations
cloney, - pop; - op - push, for some level [ operation op. Replacing S by a certain collapsible

pushdown system S , we can generate the same graph but with additional collapse-transitions
that form exactly the reversals of the jump edges of 91. This means that if a,b € 91 such
that a ~ b, and @/, are the representatives of @ and b in the configuration graph of S, then
there is a collapse edge from b to a. A detailed proof of this claim can be found in [14].

3The hierarchy of collapsible pushdown graphs is the class of configuration graphs of collapsible pushdown
systems. Collapsible pushdown systems of level [ are defined analogously to I-PS but with transitions that
may also use a stack-operation called collapse. This new operation summarises several pop operations. For
a detailed definition, see [10] or [14].
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3.1. Towards Model Checking on Level 2 NPT. In the following, we develop an FO
model checking algorithm on 2-NPT. In fact, we prove that the general approach via the
dynamic-small-witness property developed in Section 2.1 is applicable in this case. In other
words, we prove that we can compute a finitary constraint for Duplicator’s strategy on an
arbitrary 2-NPT 91.

Fix some 2-PS N of level 2 and set 91 := NPT(N). We show the following. If 0, p = 3z
for some formula ¢ € FO, then there is a short witness p € 91 for this existential quantific-
ation. Here, the length of an element is given by the length of the run representing this
element. We consider a run to be short if its size is bounded in terms of the length of the
runs representing the parameters p.

We stress that locality arguments in the spirit of Gaifman’s theorem do not apply in
this setting: the jump edges tend to make the diameter of 2-NPT small.

The rough picture of our proof is as follows. We analyse the a-round Ehrenfeucht-Fraissé
game on two copies of 91 and show that Duplicator has a restricted winning-strategy. Our
main technical tool is the concept of relevant ancestors. For each element of 1, the relevant
l-ancestors are a finite set of initial subruns of this element. Intuitively, some run p’ is a
relevant [-ancestors of a run p if it is an ancestor of p which is connected to p via a path of
length up to I that witnesses the fact that p’ is an ancestor of p. It turns out that there are
at most 4! such ancestors. Surprisingly, the set of 2!-ancestors characterises the FO;-type
of p. Thus, Duplicator has a winning strategy choosing small runs if for every element of
I there is a small one that has an isomorphic set of relevant ancestors.

The analysis of relevant ancestors reveals that a relevant ancestor p; is connected to
the next one, say p2, by either a single transition or by a run « of a certain kind. This run
7 satisfies the following conditions: ps decomposes as ps = p1 o 7, the initial stack of 7 is
s : w where s is some stack and w is some word. The final stack of 7 is s : w : v for some
word v and m does never pass a proper substack of s: w.

Due to this result, a typical set of relevant ancestors is of the form

PL<P2<P3 << Py =P,
where p,+1 extends p, by either one transition or by a run that extends the last stack of p,
by a new word v. If we want to construct a short run p’ with isomorphic relevant ancestor
set, we have to provide short runs

PL<Py<py << pp=p
where p] ., extends p], in exactly the same manner as pp4+1 extends py,.

We first concentrate on one step of this construction. Assume that p; ends in some
configuration (g, s:w) and py extends p; by a run creating the stack s:w:v. How can we
find another stack s" and words w’,v” such that there is a run pj to (¢,s": w’) and a run p),
that extends pj by a run from (g¢,s" : w’) to the stack s": w’: v'?

We introduce a family of equivalence relations on words that preserves the existence of
such runs. If we find some w’ that is equivalent to w with respect to the i-th equivalence
relation, then for each run from s:w to s:w: v there is a run from s’ : w’ to s’ : w’ : v for
v and v’ equivalent with respect to the (i —1)-st equivalence relation.

Let us explain these equivalence relations. Let p; be a run to some stack s : w and let ps
be a run that extends p; and ends in a stack s: w :v. We can prove that this extension is of
the form op,, o Ay, 00p,,_; © A1 0---00p; 0 A\; where the )\; are loops, i.e., runs that start and
end with the same stack and op,,,0p,,_1,-..,0p; is the minimal sequence generating s:w:v
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from s:w. Thus, we are especially interested in the loops of each prefix pop’f(w) of w and
each prefix pop’f (w") of w’. For this purpose we consider the word models of w and w’
enriched by information on runs between certain prefixes of w or w’. Especially, each prefix
is annotated with the number of possible loops of each prefix. w and w’ are equivalent with
respect to the first equivalence relation if the FOg-types of their enriched word structures
coincide. The higher-order equivalence relations are then defined as follows. We colour every
element of the word model of some word w by the equivalence class of the corresponding
prefix with respect to the (i — 1)-st equivalence relation. For the i-th equivalence relation
we compare the FOg-types of these coloured word models. This means that two words w
and w’ are equivalent with respect to the i-th equivalence relation if the FOy-types of their
word models expanded by predicates encoding the (i —1)-st equivalence class of each prefix
coincide.

This iteration of equivalence of prefixes leads to the following result. Let w and w’ be
equivalent with respect to the i-th relation. Then we can transfer runs creating ¢ words in
the following sense: if p is a run creating w : vy : v9 : -+~ : v; from w, then there is a run p’
creating w’ : v] 1 vy :--- 0] from w’ such that v, and v}, are equivalent with respect to the
(i — k)-th relation. This property then allows us to construct isomorphic relevant ancestors
for a given set of relevant ancestors of some run p. We only have to start with a stack s : w’
such that w’ is i-equivalent to the topmost word of the minimal element of the relevant
ancestors of p for some large i € N.

This observation reduces the problem of constructing runs with isomorphic relevant
ancestors to the problem of finding runs whose last configurations have equivalent topmost
words (with respect to the i-th equivalence relation for some sufficiently large 7) such that
one of these runs is always short.

We solve this problem by developing shrinking constructions that allow the preservation
of the equivalence class of the topmost word of the final configuration of a run while shrinking
the length of the run.

Putting all these results together, for every nested pushdown tree of level 2, we can
compute a finitary constraint S such that Duplicator has an S-preserving strategy. This
shows that the general model checking algorithm from Section 2.1 solves the the FO model
checking problem on 2-NPT.

3.2. Outline of the Proof Details. In the next section, we discuss the theory of loops
first developed in [13]. We also develop shrinking lemmas for long runs. Then we introduce
the central notion of relevant ancestors and develop some basic theory concerning these
sets in Section 5. In Section 5.2 we define equivalence relations on words and trees which
can be used to construct runs with isomorphic relevant ancestors. In Section 6, we first
lift these equivalences on stacks to equivalences on tuples of elements of 2-NPT by pairwise
comparison of the equivalence type of the topmost stacks of each relevant ancestor of each
element in the tuples. We then prove that the preservation of equivalence classes of relevant
ancestors is a winning strategy in the Ehrenfeucht-Fraissé game. Furthermore, Duplicator
can always choose small representatives. Finally, in Section 7 we derive an FO model
checking algorithm on 2-NPT. In that section we also show that this algorithm restricted to
the class of all 1-NPT is in 2-EXPSPACE. Unfortunately, we do not obtain any complexity
bounds for the algorithm on the class of 2-NPT.
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4. SHRINKING LEMMAS FOR RUNS OF 2-PS

In this section, we analyse runs of 2-PS between certain configurations. Especially, we look
at runs starting at the initial configuration and at runs extending its starting stack s by
some word w € X*, i.e., runs starting in s and ending in s : w that do not visit substacks
of s. If there is a run p of one of these types, we will see that there is also a short run p’
with the same initial and final configuration as p. “short” means that len(p’) is bounded
by some function depending on the pushdown system, on the width and height of s and on
the length of w. We first developed this theory in [13]. We briefly recall this theory and
sketch the main proofs. For a detailed presentation, see [14].

We first introduce the concept of milestones and generalised milestones of a 2-stack s.
A stack t is a generalised milestone of s if every run from the initial configuration to s has
to pass t. Milestones are those generalised milestones that are substacks of s. Generalised
milestones of s induce a natural decomposition of any run from the initial configuration to
some configuration with stack s. Due to a result of Carayol (that we state soon), generalised
milestones can be characterised as follows.

Definition 4.1. Let s = wy : wy : --- : w be a 2-stack. We define the set of generalised
milestones of s, denoted by GMS(s), as follows. A stack m is in GMS(s) if
m=1w Wy -1 w;: V41 where 0 <1<k,

w; Mw;e1 < V541 and
Vi+1l S W; OF Uiy £ Wit]-

where w N v denotes the maximal common prefix of w and v. If v;11 < w1, we call m a
milestone of s. The set of milestones of s is denoted by MS(s).

Remark 4.2. Note that |GMS(s)| < 2-hgt(s) -|s|.

In order to show that this definition fits our informal description, we define the notions
of loops and returns. Loops appear as a central notion in our formulation of Carayol’s
result. Moreover, the theory of loops and returns is also the key ingredient to our shrinking
constructions. We will generate short runs from longer ones by replacing long loops by
shorter ones.

Definition 4.3. Let s = ¢ : w be some stack with topmost word w and ¢,¢' € Q. A run
A from (q,s) to (q’,s) is called loop if it does not pass t. It is called a high loop if it
additionally does not pass pop;(s). A run p from (q,t: w) to (¢’,t) is called return if it
visits ¢ only in its final configuration.

The following lemma of Carayol shows that generalised milestones and loops play a
crucial role in understanding the existence of runs.

Lemma 4.4 ([5]). For each stack s there is a minimal sequence of operations op;,0py, .. .,0D,, €
{push,,pop;,clones} such that s = op, (op,, (... (op;(L2))...)).

For each 0 < j <n, the stack op;(op;_1(...opo(12))) is a generalised milestone of s and
every generalised milestone is generated by such a sequence.

Furthermore, every run p from (qo, L2) to s passes all generalised milestones of s. More
precisely, p decomposes as p = Ay © P © Ap—1 0 Pp—1 © ... 0 A1 0 p1 © Ng, where p; is a run of
length 1 that performs the operation op; and A; is a loop of the i-th generalised milestone of
s.
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Thus, loops play a crucial role in understanding the existence of runs from one con-
figuration to another. Moreover, returns and loops of smaller stacks provide a natural
decomposition of loops. Hence, counting the number of loops and returns of certain stacks
can be used in order to count the number of runs between certain configurations. We define
the following notation concerning counting loops and returns up to some threshold & € N.

Definition 4.5. Let S = (Q, X, q;,A) be a 2-PS. Let #Retlg(s) :QxQ —>{0,1,...,k} be
the function that assigns (¢, q’) to the number of returns from (g, s) to (¢’, pop,(s)) up to
threshold k. Analogously, let #Loop%(s) and #HLoopk(s) count the loops and high loops,
respectively, from (g, s) to (¢’,s) up to threshold k.

If S is clear from the context, we omit it and write #Loop” for #Loopg, etc.

Remark 4.6. Note that loops and returns of some stack s : w never look into s. Hence,
#Loop” (s : w) = #Loop” (¢ : w) for every word w and arbitrary stacks s and ¢t. If s and t
are both nonempty stacks, the analogous statement holds for #Ret®. Thus, we will write
#Loopk(w) for #Loopk(s : w) where s is an arbitrary stack. Analogously #Retk(w) =
#Ret¥(s:w) for any nonempty stack s.

The number of loops and returns of some stack s inductively depend on the number of
loops and returns of its substacks. In preparation of the proof of this observation, we recall
the notion of stack replacement introduced in [3].

Definition 4.7. For some level 2 stack ¢ and some substack s <t we say that s is a prefix
of t and write sdt, if there are n < m € N such that s = wy : wg : -+ : wy_1 : w, and
T=wWi:wWa W1 Vp:Upsl - Uy such that w, <v; for all n < j <m. This means that
s and t agree on the first |s| — 1 words and the last word of s is a prefix of all other words
of t. We extend this definition to runs by writing sdp if p is some run and s<p(i) for all
i € dom(p).

Let s,t,u be 2-stacks such that s<d¢. Assume that

S=W1 W2 i Wp-1 * Wn,
t=wi:iwWo  : Wpo1:UpiUpgl - i Upy, and
u:x1;1;2;...;xp

for numbers n,m,p € N with n < m. For n < i < m, let 9; be the unique word such that
v; = Wy, 0 ;. Set

tlsfu] ==a1iao: i apog  (TpoUn) i (Tp 0 Vpat) too i (2p 0 Ury)

and call t[s/u] the stack obtained from t by replacing the prefix s by u. For ¢ = (q,t) a
configuration, set c[sfu] = (q,t[s/u]).

Lemma 4.8 ([3]). Let p be a run of some 2-PS S. Let s,u € ©*2 be stacks such that s<p
and top, (u) = top;(s). Then the function p[s/u] defined by p[s[u](i) := p(i)[s/u] is a run
of S.

We extend the notion of prefix replacement to runs that are s-prefixed at the beginning
and at the end and that never visit the substack pop,(s). Such a run may contain “holes”,
i.e., parts that are not prefixed by s. We show that these holes are always loops or returns.
Thus, we can replace a prefix by another one if these two share the same types of loops and
returns. The following lemma prepares this new kind of prefix replacement.
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Lemma 4.9. Let N be some 2-PS and let p be a run of N of length n. Let s be a stack
with topmost word w := topy(s) such that

s4p(0),sdp(n), and |s| < |p(7)| for all 0 < i< n.
There is a unique sequence 0 =19 < jo <i1 < J1 <+ <tm-1 £ Jm-1 <m < Jjm =N such that
(1) s<ply, j,) for all 0 <k <m and
(2) topa(p(jr+1)) =popy(w), plij,.ir,.] @ either a loop or a return, and plyj, ;. .1 does

not visit the stack of p(ji) between its initial configuration and its final configuration
for all0 <k <m.

Proof. If s<p, then we set m :=0 and we are done.

Otherwise, we proceed by induction on the length of p. There is a minimal position
Jjo+1 such that s #p(jo+1). By assumption on s, p(jo + 1) # popy(s). Thus, tops(p(jo)) = w
and topy(p(jo +1)) = pop;(w). Now, let i1 > jo be minimal such that s<p(i1). Concerning
the stack at i1 there are the following possibilities.

(1) If p(i1) = popa(p(jo)) then ply;y ;1 is a return.

(2) Otherwise, the stacks of p(jo) and p(i1) coincide whence plrj, ;7 is a loop (note

that between jo and i1 the stack popy(p(jo)) is never visited due to the minimality
of 4; and due to assumption 3).

Pliy,n) is shorter than p. Thus, it decomposes by induction hypothesis and the lemma
follows immediately. ]

This lemma gives rise to the following extension of the prefix replacement for prefixes
s,u where s and u share similar loops and returns.

Definition 4.10. Let s be some stack and p be a run of some 2-PS N such that s<p(0),
sdp(len(p)) and |s| < |p(4)] for all i € dom(p). Let u be some stack such that top, (u) = top;(s),
#Loop! (u) = #Loop' (s) and #Ret!(u) = #Ret!(s).

Let 0 = i9 < jo < i1 €£J1 <+ <ime1 < Jm-1 < tm < Jm = len(p) be the sequence
corresponding to p in the sense of the previous lemma. We set (qx,sx) = p(jr) and
(qi> 51.) = p(ixs+1). By definition, pty;, 5, 1 1s aloop or a return from (g, sx) to (g, s},) and
tops(sx) = tope(s) and s<sy. Thus, topy(sp[s/u]) = topy(u). Since #Ret!(u) = #Ret!(s)
and #Loop’ (u) = #Loop’(s), there is a run from (qx, sr[s/u]) to (qh,,, Sh.q[5/u]). We set
pi. to be the length-lexicographically shortest run from (gx, sk[s/u]) to (g}, sp,[s/u]).*

Then we define the run p[s/u] by

plsful = plyg jo1ls/ul o poo ptyi, jiyls/ul e pro--oppaoply, j.10s/ul.
Remark 4.11. Note that p[s/u] is a well-defined run from p(0)[s/u] to p(len(p))[s/u].

Next, we turn to the analysis of loops and returns. In this part, we show that for each
2-PS there is a function relating the height of the topmost word of a stack with a bound on
the length of the shortest loops and returns of this stack.

First, we characterise loops and returns in terms of loops and returns of smaller stacks.
The proof is completely analogous to the proof of Lemma 4.9. Every loop or return of some
stack s decomposes into parts that are prefixed by s and parts that are returns or loops
of stacks with topmost word pop; (topy(s)). This observation gives rise to the observation
that the number of loops and returns of a stack s only depend on its topmost symbol and
the number of loops and returns of pop; (s).

4We assume A to be equipped with some fixed but arbitrary linear order.
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Lemma 4.12. Let p be some return from some stack s:w to s of length n. Then there is a
unique sequence 0 =149 < jo <41 < J1 <+ <lm-1 € Jm=1 <im < Jjm =N such that the following
holds.
(1) s:w<plp, jo—1] for all0 <k <m and
(2) PMjgira] @8 a return from some stack s’ : popy(w) to s.
Let A be some loop of length n starting and ending in some stack s : w. Then there is a
unique sequence 0 =19 < jo <i1 < J1 <-* <im-1 < Jm-1 < tm < Jm =1 such that the following
holds.
(1) s:wgAl, j,] for all 0 <k <m and
(2) AMj+1,in,q] 18 either a return starting in some stack s’ : popy(w) or it is a loop of
pop; (s : w) followed by a pushi,, (w) transition. In this case AJk + 1) is the first
and Migy1 — 1) is the last occurrence of pop;(s:w) in A.

This lemma gives rise to the inductive computation of the number of loops and returns
of a stack.

Proposition 4.13. Given a 2-PS S, #Loop”(w), #HLoop" (w) and #Ret*(w) only depend
on top; (w), pop; (top; (w)), #Loop"(pop; (w)), and #Ret* (pop; (w)).

sketch. We only consider the return case and prove the following claim. Let s:w and s : w’

be stacks such that s and s’ are nonempty, top,(w) = top;(w’), and #Ret*(pop,(w)) =
#Ret? (pop, (w')). The number of returns of s: w and of s": w’ coincide, i.e., #Ret*(w) =
#Ret"(w').

For reasons of simplicity, we assume that R(q, ¢') := #Ret* (pop,(w)) (g, ¢') < k for each

q,q’ € Q and we fix an enumeration p‘f’q’, pg’ql, . ,pg(]; o ©f the returns from (¢,s:pop;(w)) to (¢, s).
Similarly, let ﬁ'{’q’, /’)g’q’, . ,ﬁ%‘g;q,) be an enumeration of the returns from (g, s" : pop; (w’))

to (¢',s").

For each return from (g¢1,s : w) to (g2,s) we construct a return from (q1,s" : w') to
(g2,5") as follows. Let p be such a return and let 0 = ig < jo < i1 < J1 <+ < lm-1 < Jm-1 < im < Jm
be the unique sequence according to Lemma 4.12. Now, py := pl;, j, 1] is prefixed by s:w
and ends in topmost word w. Hence, there is a run gy := px[s: w/s’ : w’] ending in topmost

word w’. Furthermore, my, := PMjr—1,ixs1] 18 @ pOp; transition followed by a return oy. Since

o), starts with topmost word pop; (w), it is equivalent to some plq’q, in the sense that it
performs the same transitions as p;l’q,. Now let 61 be the return that copies the transitions

of ﬁ?’q’ and starts in (q,pop;(pr)). Since top;(w) = top;(w’) we can define a run 7 that
starts in the final configuration of p; performs the same first transition as m, and then
agrees with .

It is straightforward to prove that p = pgomgo P10+ 0 Pm-1© Tm-1 © Pm is a return
from (q1,s": w") to (g2,s"). Furthermore, this construction transforms distinct returns from
(q1,5 : w) to (go,s) into distinct returns from (qp,s" : w’) to (g2,s’). Hence, there are at
least as many returns from (q1,s" : w’) to (g2, ") as from (q1,s: w) to (g2, s).

Reversing the roles of s: w and s’ : w’ we obtain the reverse result and we conclude

that #Retk(w)(ql,qz) = #Retk(w’)(ql,qg). ]

Proposition 4.14. There is an algorithm that, on input some 2-PS S and a natural number
k, computes a function LL‘,? :N = N with the following properties.
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(1) For all stacks s, all q1,q2 € Q and fori = #Loop”*(s)(q1,¢2), the length-lexicographically
shortest loops A1, ..., A from (qu,s) to (gz,s) satisfylen();) < LLE (Jtops(s)]) for all
1<j<i.

(2) If there is a loop A from (q1,s) to (q2,s) with len(\) > LL$ ([topy(s)|), then there
are k loops from (q1,s) to (q2,pops(s)) of length at most LLY ([topy(s)])-

Analogously, there are functions RL;/,9 :N—-> N and HLL‘E :N > N (computable from N')
that satisfy the same assertions for the set of returns and high loops, respectively.

sketch. Again, we only sketch the proof for the case of returns.

The previous proof showed that for stacks s : w and s' : w’ with top;(w) = top;(w’)
and #Ret”(w) = #Ret®(w’) the returns of s: w and of s’ : w’ are closely connected via the
replacement [s:w/s":w']. A return from s:w to s decomposes into parts prefixed by s: w
and parts that are returns of stacks with topmost word pop;(w). It is a straightforward
observation that the k shortest returns from s : w to s only contain returns from stacks with
topmost word pop; (w) among the k shortest of such returns. Furthermore, the decomposi-
tion of returns of s : w and s’ : w’ agree on their s : w-prefixed and s’ : w’-prefixed parts in the
sense that they perform the same transitions. Now, let R(q1,q2) := #Ret®(w)(q1,¢2) and
let p1,p2,- -+, PR(q1,q0) PE the R(q1,q2) shortest returns from (qi1,s: w) to (g2,s). Let m(p;)
denote the number of positions in p; that are s : w prefixed and let n(p;) denote the number
of returns from stacks with topmost word pop; (w) occurring in p;. Let m be the maximum
over all m(p;) and n the maximum over all n(p;). Then there are #Ret*(w’)(q1, ¢2) many
returns from (q1,s": w’) to (g2,s’) that have at most m positions that are s’ : w’ prefixed
and that contain at most n many returns of stacks with topmost word pop; (w’). Thus, if we
have already defined RLS (Jpop;(w’)]), then the shortest #Ret*(w’)(q1,¢2) many returns
from (q1,s" : w') to (g2,s') have length at most m +n - RLS (Jpop; (w')|).

Due to the previous lemma, we can compute a maximal finite sequence of words
wy,wa, ..., wy, such that for each pair w;, w;, top (w;) # topy (w;) or RLE (w;) # RLE (w;).

Repeating this construction for each of these words, we obtain numbers mpya.x and
Nmax a8 the maximum over the m and n obtained in each step such that the shortest
#Ret*(w')(q1, g2) many returns from (qi,s" : w') to (gz,s’) have length at most Mmmpay +
Nmax - RLS (Jpopy (w')|) for all stacks s’ : w’. Thus, setting RLS (0) == 0 and RLY (n + 1) :=
Mumax + Mmax * RLf(n) defines RLf appropriately. ]
Remark 4.15. Note that we do not know any bound on mmax and nmax in terms of |S|.

We conclude this section with two corollaries that allow us to shrink runs between

certain configurations. These corollaries are important in the proof that 2-NPT have the
dynamic-small-witness property.

Corollary 4.16. Let S be some level 2 collapsible pushdown system. Furthermore, let (q,s)
be some configuration and p1,...,pn be pairwise distinct runs from the initial configuration
to (q,s). There is a run p1 from the initial configuration to (q,s) such that the following
holds.

(1) p1#p; for2<i<n and

(2) len(p1) < 2-|s|-hgt(s)(1 + LL3 (hgt(s))).
Proof. If len(p1) < 2-|s|-hgt(s)(1 + LLS (hgt(s))), set p1 = p1 and we are done. Otherwise,
Remark 4.2 and Lemma 4.4 implies that p; decomposes as

P1=A0 0P OAj0-+20 Xy 100D, 0 Ay,
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where every A; is a loop, every op; is a run of length 1, and m < 2-|s|- hgt(s). Proposition
4.14 implies the following: If len()\;) > LLS (hgt(s))), then there are n loops from \;(0) to
Ai(len(X;)) of length at most LLS (hgt(s))). At least one of these can be plugged into the
position of \; such that the resulting run does not coincide with any of the ps, p3,..., pn.
In other words, there is some loop \; of length at most LLS (hgt(s))) such that

f1:=A000P; © AL ©:+-00D; © X[ ©0DP;41 © Ais1 0+ © A\ppm1 © 0D, © Ay

is a run to (g, s) distinct from po, ps...,p, and shorter than p;. Iterated replacement of
large loops results in a run pj with the desired properties. L]

We state a second corollary that is quite similar to the previous one but deals with runs
of a different form. These runs become important in Section 6.

Corollary 4.17. Let p1,po,...pn be runs from the initial configuration to some config-
uration (q,s). Furthermore, let w be some word and p1,pa,...pn be runs from (q,s) to
(¢’,s:w) that do not visit proper substacks of s. If p1 o p1,p20 p2,...,pn © pn are pairwise
distinct, then there is a run p} from (q,s) to (¢',s:w) that satisfies the following.

(1) pjdoes not visit a proper substack of s,

(2) len(p}) <2 -hgt(s:w) - (1 +LLS (hgt(s:w))), and

(3) p1op] is distinct from each p;o p; for 2<i<n.

Proof. 1t is straightforward to see that p; decomposes as
PL=A0©0P] OA1 00 Xy 100D, © Ay

where every \; is a loop and every op; is a run of length 1 such that m < 2-hgt(s: w). Now
apply the construction from the previous proof again. L]

5. RELEVANT ANCESTORS

This section aims at identifying those ancestors of a run p in a 2-NPT 91 that characterise
its FOg-type. We show that only finitely many ancestors of a certain kind already fix the
FOg-type of p. We call these finitely many ancestors the relevant 2€-ancestors of p.

5.1. Definition and Basic Observations. Before we formally define relevant ancestors,
we introduce some sloppy notation concerning runs. We apply functions defined on stacks
to configurations. For example if ¢ = (g, s) we write |¢| for |s| and pop,y(c) for popy(s). We
further abuse this notation by application of functions defined on stacks to runs, meaning
that we apply the function to the last stack occurring in a run. For instance, we write topy(p)
for topy(s) and |p| for |s| if p(len(p)) = (g,s). In the same sense one has to understand
equations like p(i) = pop;(s). This equation says that p(i) = (¢, pop;(s)) for some g € Q.
Keep in mind that |p| denotes the width of the last stack of p and not its length len(p).
Also recall that we write p < p’ if the run p is an initial segment of the run p'.

Definition 5.1. Let 91 be some n-NPT. Define the relation <91 x9N by
pepif p<plpl=1p'1=1, and || > |p| for all p<7 < p'.
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We define the set of relevant [-ancestors of p by induction on [. The set of relevant 0-
ancestors of p is RAg(p) = {p}. Set

RA+1(p) =RA(p) U {7T eN:3Ir e RA(p) m-7" or T ~7" or T 7T'}.
For p=(p1,p2,...,pn), we write RA;(p) := -L_JlRAl(pi)'

Remark 5.2. For 1-NPT, the relation * can be characterised as follows: for runs p, p’, we
have p  p’ if and only if p’ = po for a run 7 starting at some w, and ending in w,a, the
first operation of 7 is a push, and 7 visits w, only in its initial configuration.

For 2-NPT, there is a similar characterisation: we have p # p’ if and only if p’ = po7
for some run 7 starting at some stack s, and ending in some stack s, : w, the first operation
of 7 is a clone and 7 visits s, only in its initial configuration.

The motivation for the definition is the following. If there are elements p, p’ € 91 such
that p’ < p and there is a path in 9 of length at most [ that witnesses that p’ is an ancestor
of p, then we want that p’ € RA;(p). The relation > is tailored towards this idea. Assume
that there are runs p; < pp - p3 with § some pop,, operation such that ps F p3 = p;. This
path of length 2 witnesses that p; is a predecessor of pa. By definition, one sees immediately
that p; @ p2 whence p; € RAj(p2). In this sense, ¢ relates the ancestor p; with py if p;
may be reachable from ps via a short path passing a descendant of ps.

In the following, it may be helpful to think of a relevant I-ancestor p’ of a run p as an
ancestor of p that may have a path of length up to [ witnessing that p’ is an ancestor of p.
We do not state this idea more precisely, but it may be helpful to keep this picture in mind.

From the definitions, we obtain immediately the following lemmas.

Lemma 5.3. For each run p’ there is at most one run p such that p * p’. p is the mazimal
ancestor of p’ satisfying p = pop,,(p)-

Lemma 5.4. Let p and p’ be runs such that p ~ p’. Let p be the predecessor of p', i.e., p
is the unique element such that p+ p'. Then p  p.

Lemma 5.5. If p,p’ € M such that p+ p' or p ~p’, then p e RA1(p').
Lemma 5.6. For allleN and pe N, [RA(p)| <4' and RA(p) is linearly ordered by <.

We now investigate the structure of relevant ancestors and the possible intersections of
relevant ancestors of different runs. First, we characterise the minimal element of RA;(p).

Lemma 5.7. Let Mt be a n-NPT. Let p; € RA;(p) be minimal with respect to <. Then
Fither |py| =1 and |p| <1

or p = popl,(p) and |pi| < |p'| for all p’ € RA;(p) ~ {pi}.
Remark 5.8. Recall that |p| < implies that pop!,(p) is undefined.

Proof. The proof is by induction on [. For [ = 0, there is nothing to show because
po = p =popl(p). Now assume that the statement is true for some 1.

(1) Consider the case |p| < 1+ 1. Then p; satisfies |p;| = 1. If p; has no predecessor
it is also the minimal element of RA;;1(p) and we are done. Otherwise, there is
a maximal ancestor p < p; such that |p| = 1. Either p ~ p; or p ~ p; whence
p € RA11(p) N RA;(p). Furthermore, there is no ancestor of p can be contained in
RA;;1(p). Heading for a contradiction, assume that there is some element p < p
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such that pe RA;;1(p). Then there is some p' € RA;(p) with p < p < p’ such that
p~p orp & p. But this leads to the contradiction 1 < |p'| < |p| = 1. Thus, the
minimal element of RA;11(p) is pi31 = p-

(2) Now assume that |p| > I+1. Let p be the maximal ancestor of p; such that |p|+1 = |py].
Then p  p; or p+ p1, whence p € RA;1(p). We have to show that p is the minimal
element of RA;11(p) and that there is no other element of width |p| in RA41(p).
For the second part, assume that there is some p’ € RA;41(p) with [p’| =|p|. Then
p’ has to be connected via F, *, or ~ to some element p” € RA;(p). By definition
of these relations |p”| < |p’| + 1. By induction hypothesis, this implies p” = p;. But
then it is immediately clear that p’ = p by definition.

Similar to the previous case, the minimality of p in RA;1(p) is proved by con-
tradiction. Assume that there is some p’ < p such that p’ € RA;;1(p). Then there is
some p < p; 2 p” € RA(p) such that p’  p” or p’ ~ p”. By the definition of ~ and
, we obtain |p”| <|p|. But this contradicts |p”| > |pi| > |p|. Thus, we conclude that
p is the minimal element of RA;,1(p), i.e., p= pr11-

U

The previous lemma shows that the width of stacks among the relevant ancestors cannot
decrease too much. Furthermore, the width cannot grow too much.

Corollary 5.9. Let m,p €N such that m € RA((p). Then ||p| - |x|| <.

Proof. From the previous lemma, we know that the minimal width of the last stack of
an element in RA;(p) is |p| - {. We prove by induction that the maximal width is |p| + [.
The case [ = 0 is trivially true. Assume that || < |p| +1 -1 for all 7 € RA;_1(p). Let
7€ RA;(p) NRA;_1(p). Then there is an m € RA;_1(p) such that # +—m, # ~7, # > 7. For
the last two cases the width of 7 is smaller than the width of = whence |7| < |p| +1— 1. For
the first case, recall that all stack operations of an n-PS alter the width of the stack by at
most 1. Thus, |7| <|r|+1<|p| +1. ]

Next we show a kind of triangle inequality for the relevant ancestor relation. If ps is a
relevant ancestor of p; then all relevant ancestors of p; that are ancestors of ps are relevant
ancestors of ps.

Lemma 5.10. Let p1,p2 € N and let 11,12 € N. If p1 € RA;, (p2), then
RA, (p1) € RAy 4, (p2) and
RA, (p2) n{m:m <p1} S RAL ., (p1).

Proof. The first inclusion holds by induction on the definition of relevant ancestors.

For the second claim, we proceed by induction on ls. For I3 = 0 the claim holds because
RAo(p2) = {p2} and p1 < po imply that RAg(p2) n{m: 7 < p1} # @ if and only if p; = po
whence {p2} € RAg(p1). For the induction step assume that

RAj,-1(p2) n{m:m < p1} € RAY 11,-1(p1)-

Furthermore, assume that m € RA;, (p2) n{m: 7 < p1}. We show that m € RA;,4;,(p1). By
definition there is some 7 < 7 such that 7 € RA;,_1(p2) and 7 € RA; (7). We distinguish the
following cases.

e Assume that 7 < p;. By hypothesis, @ € RA; 41,-1(p1) whence m e RA;, 41, (p1)-
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e Assume that m < p; < @ < po. This implies that # ~ @ or m # 7 whence
|| = || = 7 < |p1]| for some j € {0,1}. From Corollary 5.9, we know that

171 = lp2ll < 12 = 1 and [|p1| - |p2ll < 11

This implies that |p1| — || < I + 2. By definition of ~ and ¢*, there cannot be any
element n’ with 7 <7’ <7 and |7'| = |r|. Thus, 7 is the maximal predecessor of
p1 with 7 = pop|2pl|_|7r|(p1). Application of Lemma 5.7 shows that 7 is the minimal

element of RA|p1|_|7T|(p1). Hence, 7 € RA|p1|_|7r|(p1) c RAl1+l2 (Pl)-
L]

Corollary 5.11. If pe RA;(p1) nRA;(p2) then RA;(p1) n{m: 7 < p} SRA3(p2).

Proof. By the previous lemma, p € RA;(p1) implies RA;(p1) n{m: 7 < p} € RA9(p). Using
the lemma again, p € RA;(p2) implies RAg(p) € RA3(p2). L]

The previous corollary shows that if the relevant l-ancestors of two elements p; and
po intersect at some point p, then all relevant l-ancestors of p; that are ancestors of p are
contained in the relevant 3l-ancestors of ps. Later, we use the contraposition of this result
in order to prove that relevant ancestors of certain runs are disjoint sets.

The following proposition describes how RA;(p) embeds into the full 2-NPT 0. Suc-
cessive relevant ancestors of some run p are either connected by a single edge or by a -edge.
We will see that this proposition allows us, given an arbitrary run p, to explicitly construct
an relevant ancestor set isomorphic to RA;(p) that consists of small runs.

Proposition 5.12. Let p1 < pa < p such that p1,p2 € RA(p). If 7 ¢ RA|(p) for all
p1 < T < pa, then either p1 — p2 or p1 & p2.

Proof. Assume that pj t# po. Consider the set M := {7 e RA;(p):p1 * 7}. M is nonempty
because there is some m € RA;_1(p) such that either p; * m (whence 7 € M) or py ~ 7
(whence the predecessor 7 of 7 satisfies 7 € M). Let p € M be minimal. It suffices to show
that p = po. For this purpose, we show that 7 ¢ RA;(p) for all p; < < p. Since p e RA;(p),
this implies that p = p2. We start with two general observations.

(1) For all py <7 < p, |7| 2 |p| due to the definition of p; * p. Furthermore, due to the
minimality of p in M, for all p; < 7 < p with 7 € RA;(p), |7| > |p| (otherwise e M
which contradicts the minimality of p).
(2) Note that there cannot exist p; <7 < p <7 with 1 ~ 7 or m & because |7| > |9|.
Heading for a contradiction, assume that there is some p; < m < p such that = € RA;(p).
Due to observation 2, there is a chain mg := m,71,...,7Tp-1, T, = p such that for each
0 < i < n there is * € {-,~, #} such that m; * m1 and m; € RA;_;(p). By assumption,
n # 0, whence p € RA;_1(p). Due to observation 1, we have |p1| < |j| < |r|. Since each stack
operation alters the width of the stack by at most 1, we conclude that the set

M= {x' oy < < o |o] = ']}
is nonempty because on the path from p; to 7 there occurs at least one run with final stack
of width |p|. But the maximal element 7’ € M’ satisfies py & 7'+ p or p1 & 7’ ~ p. Since
p€RA;_1(p), this would imply 7’ € M which contradicts the minimality of p in M. Thus,

no p; <7< p with 7 € RA;(p) can exist.
We conclude that 7 ¢ RA;(p) for all py <7< p and p1 * p = po. O]
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In the final part of this section, we consider relevant ancestors of two different runs p
and p’. Since we aim at a construction of small runs p and p’ such that the relevant ancestors
of p and p’ are isomorphic to the relevant ancestors of p and p’, we need to know how sets
of relevant ancestors touch each other. Every isomorphism from the relevant ancestors of
p and p’ to those of p and p’ has to preserve edges between a relevant ancestor of p and
another one of p'.

The positions where the relevant [-ancestors of p and p touch can be identified by
looking at the intersection of their relevant (I + 1)-ancestors. This is shown in the next
Lemma. For A and B subsets of some n-NPT 91 and p some run of 91, we say A and B
touch after p if there are runs p < pa, p < pp such that ps € A, pp € B and either p4q = pp or
pa * pp for some * € {F,4, ~ », > S}. In this case we say A and B touch at (pa,pp). In
the following, we reduce the question whether [-ancestors of two elements touch after some
p to the question whether the (I + 1)-ancestors of these elements intersect after p.

Lemma 5.13. If p1,p2 are runs such that RA; (p1) and RAy,(p2) touch after some po,
then RAy +1(p1) NRA 1 (p2) n{m:po <7} +@.

Proof. Let py be some run, pg < p1 € RA;, (p1), and pg < p2 € RA;, (p2) such that the pair
(p1, p2) is minimal and RA;, (p1) and RA,, (p2) touch at (p1, p2). Then one of the following
holds.
(1) p1 = pa: there is nothing to prove because p1 € RA; (p1) nRA, (p2) n{m: po < 7}.
(2) p1+ pg or p1 ~ pg or p1 * po: this implies that p; € RA[2+1(,02) NnRA;, (p1)-
(3) p1 4 P2 or p1 = po or p1 & po: this implies that that po € RA; +1(p1) nRAL (p2).
L]

Corollary 5.14. If p and p' are runs such that RA;, (p) and RA;,(p") touch after some
run po then there exists some py < p1 € RA; +1(p) NRAL41(p") such that

RA+1(p) n{z:2 < p1} S RAL4a1,43(p").

Proof. Use the previous lemma and Lemma 5.10. ]

5.2. A Family of Equivalence Relations on Words and Stacks. Next, we define a
family of equivalences on words that is useful for constructing runs with similar relevant
ancestors. The basic idea is to classify words according to the FOy-type of the word model
associated to the word w expanded by information about certain runs between prefixes of
w. This additional information describes

(1) the number of possible loops and returns with certain initial and final state of each
prefix v < w, and

(2) the number of runs from (¢, w) to (¢’,v) for each prefix v < w and all pairs ¢,q" of
states.

It turns out that this equivalence has the following property: if w and w’ are equivalent
and p is a run starting in (¢,w) and ending in (¢’,w : v), then there is a run from (g, w’) to
(g, w’ : v") such that the loops and returns of v and v” agree. This is important because runs
of this kind connect consecutive elements of relevant ancestor sets (cf. Proposition 5.12).
In order to copy relevant ancestors, we want to apply this kind of transfer property
iteratively. For instance, we want to take a run from (q1,w1) via (g2, w1 : we) to (g3, ws :
wy : w3) and translate it into some run from (g1, w}) via (g2, w] : wh) to (g3, wi : wh : wj)
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such that the loops and returns of ws and wj agree. Analogously, we want to take a run
creating n new words and transfer it to a new run starting in another word and creating n
words such that the last words agree on their loops and returns. If we can do this, then we
can transfer the whole set of relevant ancestors from some run to another one. This allows
us to construct isomorphic relevant ancestors that consist only of short runs.

The family of equivalence relations that we define have the following transfer property.
Words that are equivalent with respect to the n-th relation allow a transfer of runs creating
n new words. The idea of the definition is as follows. Assume that we have already defined
the (i — 1)-st equivalence relation. We take the word model of some word w and annotate
each prefix of the word by its equivalence class with respect to the (i —1)-st relation. Then
we define two words to be equivalent with respect to the i-th relation if the FO-types of
their enriched word models agree.

These equivalence relations and the transfer properties that they induce are an import-
ant tool in the next section. There we apply them to an arbitrary set of relevant ancestors
in order to obtain isomorphic copies of the substructure induced by these ancestors.

For the rest of this section, we fix some 2-PS N. For w some word, we use w_, as an
abbreviation for pop? (w).

Definition 5.15. For each word w € ¥*, we define a family of expanded word models
£in®*(w) by induction on n. Note that for n = 0 the structure will be independent of the
parameter k but for greater n this parameter influences the expansion of the structure. Let
Ling” (w) be the expanded word model

Sinlg?z(w) = ({O, 1, ceey |w| — 1}, succ, (Pg)geg, (S;q')(q,q’)eQQ,jSza (Rj)jej, (Lj)jej, (Hj)jej)

such that for 0 < ¢ < |w| the following holds.

e succ and P, form the standard word model of w in reversed order, i.e., succ is the

usual successor relation on the domain and i € P, if and only if top, (w_;) = o,

1€ S; ¢ if there are j pairwise distinct runs p1,...,p; such that each run starts in
(¢, w) and ends in (¢’,w_;).
The predicates R; encode the function i = #Ret*(w—;) (cf. Definition 4.5).
The predicates L; encode the function i = #Loop®(w_;).
The predicates H; encode the function ¢ = #HLoop®(w_;).
Now, set Typelg;z(w) = FOk[SinIS;Z(w)], the quantifier rank % theory of Sing;z(w).
ifl(w) to be the expansion of £in®*(w) by predicates de-
scribing Type®#(v) for each prefix v < w. More formally, fix a maximal list 6y,6s,...,60,
of pairwise distinct FOg-types that are realised by some Sinlsz(w). We define predicates
Ty, Ts, ..., Ty, such that i € T; if Type!® (w_;) = 6; for all 0 < i < n. Now, let Lin' (w)
be the expansion of £in7ksz(w) by the predicates 11,75, ..., T,,. We conclude the inductive
definition by setting Type™? (w) := FOk[Sianl(w)].

n+1

Inductively, we define Lin

Remark 5.16. Each element of Sinsz(w) corresponds to a prefix of w. In this sense, we
write v € Sg,q, for some prefix v < w if v = w_; and Link*(w) i€ Siq"

It is an important observation that Sinsz (w) is a finite successor structure with finitely
many colours. Thus, for all n,k,z €N, Typesz has finite image.

For our application, £ and z can be chosen to be some fixed large numbers, depending
on the quantifier rank of the formula we are interested in. Furthermore, it will turn out that
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the conditions on k and z coincide whence we will assume that k = z. This is due to the fact
that both parameters are counting thresholds in some sense: z is the threshold for counting
the existence of loops and returns, while k can be seen as the threshold for distinguishing
different prefixes of w which have the same atomic type. Thus, we identify k£ and z in the
following definition of the equivalence relation induced by Typefb;z .

Definition 5.17. For words w,w’ € 3*, we write w =7 w’ if TypeZ*(w) = TypeZ*(w').

As a first step, we want to show that = is a right congruence. We prepare the proof of
this fact in the following lemma.

Lemma 5.18. LetneN, 2>2 and N be some 2-PS. Let w be some word and o € ¥ some
letter. For each 0 < i <|w|, the atomic types of i and of 0 in L£in*(w) determine the atomic
type of i + 1 in Lin;*(wo).

Proof. Recall that i € Lin*(w) represents w—; and i + 1 € Linj*(wo) represents wo_(;,1).
Since w-; = wo_(;41), it follows directly that the two elements agree on (FPy)oex, (R))je,
(Lj)jes, and (Hj)jes and that w_; =5 wo_(;4qy (vecall that the elements of £in;*(w) are
coloured by =7_;-types).

We claim that the function #Ret*(w) and the set

{(.9.:4) eNxQxQ:j <z Linj*(w) Fies] )

determine whether £in7*(wo) = (i+1) € S(]]',q,. Recall that the predicates S;’ o 0 Ling* (w)
encode at each position j the number of runs from (¢, w) to (¢',w-;). We now want to
determine the number of runs from (g, wo) to (¢',wo_(;1y) = (¢',w-;).

It is clear that such a run starts with a high loop from (g, wo) to some (§,wo). Then it
performs some transition of the form (§, o, ¢’ ,pop;) and then it continues with a run from
(@ w) o (¢ w-0). |

In order to determine whether £inZ*(wo) E (i+1) € Sé’ o+ We have to count whether j
runs of this form exist. To this end, we define the numbers

k(q,q’) = #HLOOpz(wU)((L (j)7

Jaqy = (4, 0,4",popy) € A}], and

. k

i(g,4) = max{k:w_; € Siy .}
for each pair ¢ = (¢,4’) € Q*. It follows directly that there are ¥ izj;k; many such runs

qeQ?

up to threshold z. Note that j; only depends on the pushdown system. Due to Corollary
4.13, #HLoop®*(wo) is determined by o and #Ret*(w). Thus, k; is determined by the
atomic type of 0 in £in?*(w). iz only depends on the atomic type of ¢ in £in}*(w). These
observations complete the proof. L]

Corollary 5.19. Let n,z € N such that z > 2. Let wy and wa be words such that wy =7, ws.
Any strategy of Duplicator in the z round Ehrenfeucht-Fraissé game on £inZ*(wi) and
LinZ*(wy) translates directly into a strategqy of Duplicator in the z round Ehrenfeucht-Fraissé
game on Lin* (w10) My, ) and Ling= (w20 ) M fusl]-

Proof. 1t suffices to note that the existence of Duplicator’s strategy implies that the atomic
types of 0 in Lin?*(wy) and L£inZ*(wy) agree. Hence, the previous lemma applies. Thus,
if the atomic type of i € LinZ*(wy) and j € LinZ*(wq) agree, then the atomic types of
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i+1eLinj*(wio) and j+ 1 € LinZ*(wq0o) agree. Hence, we can obviously translate Du-
plicator’s strategy on Lin7*(wy) and Lin7*(wz) into a strategy on Ling*(w10) My juw, ) and
’SinfL;z(MQU) r[1,|w2|]‘

The previous corollary is the main ingredient for the following lemma. It states that
=7 is a right congruence.

Lemma 5.20. For z > 2, = is a right congruence, i.e., if TypeZ*(w1) = Type;*(w2) for

some z > 2, then TypeZ*(wiw) = TypeZ* (waw) for all we ¥*.
Proof. 1t is sufficient to prove the claim for w = o € 3. The lemma then follows by induction
on |w|. First observe that

#Loop®(wy0) = #Loop® (wa0),
#HLoop®(wy0) = #HLoop*(w20), and
#Ret”(w10) = #Ret*(w20),

because these values are determined by the values of the corresponding functions at w; and
wy (cf. Proposition 4.13). These functions agree on w; and wy because the first elements
of £iny*(w1) and Linj*(wz) are FO3 € FO, definable.

For i € {1,2}, Linj*(w;o) £ 0 € qu g If and only if there are j loops from (g, w;o)

to (¢',w;o) (at position 0 the runs counted by the S{q g coincide with loops). Since

#Loop®(wy0) = #Loop®(w20), we conclude that the atomic types of the first elements of
Ling*(wi0) and of Linf™*(weo) coincide.

Due to the previous corollary, we know that Duplicator has a strategy in the z round
Ehrenfeucht-Fraissé game on £iny*(w10) My, and £ing® (wao) My jus[]-

Standard composition arguments for Ehrenfeucht-Fraissé games on word structures
directly imply that Ling*(wio) =, Linj*(w20). But this directly implies that the atomic
types of wio in £in]*(wi0) and of weo in Lin]*(weo) coincide. If n > 1, we can apply the
same standard argument and obtain that £in]"*(wio) =, Lin]*(w20). By induction one
concludes that £inZ*(wyi0) =, £in;*(wqo). But this is the definition of wio =% weo. OJ

In terms of stack operations, the previous lemma can be seen as a compatibility result
of =7 with the push, operation. Next, we lift the equivalences from words to 2-stacks in
such a way that the new equivalence relations are compatible with all stack operations. We
compare the stacks word-wise beginning with the topmost word, then the word below the

topmost one, etc. up to some threshold m.
Definition 5.21. Let s, s’ be stacks. We write s ,,=7 s’ if either
|s| > m,|s’| >m, and topy (popé(s)) =7 top, (popé(s')) for all 0<% <m, or
[:=|s| =|s'| <m, and top, (popé(s)) =7 top, (popé(s')) forall 0 <i <.
Proposition 5.22. Let z > 2 and let s1, so be stacks such that s1 =7 s2. Then push,(s1) m=Z

puShg(Sz); pop; (s1) m=p_1 pop;(s2), clones(sy) m+1=5, clonez(s2), and popy(si) m-1=5,
p0p2(32)-

Proof. Assume that op = pop;. Quantifier rank z suffices to define the second element of
a word structure. Hence, w = w’ implies that Type” (w-1) = Type, (w’;). But this
implies w_1 =_; w’;.

For op = push, we use Lemma 5.20. For cloney and pop,, the claim is trivial. []
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The previous proposition shows that the equivalence relations on stacks are compatible
with the stack operations. Recall that successive relevant ancestors of a given run p are runs
p1 < p2 < p such that either p; - pa or p1 * p2 (cf. Proposition 5.12). In the next section,
we are concerned with the construction of a short run p such that its relevant ancestors are
isomorphic to those of p. A necessary condition for a run p to be short is that it only passes
small stacks. We construct p using the following construction. Let pg < p1 < p2... < p be
the set of relevant ancestors of p. We then first define a run jp that ends in some small
stack that is equivalent to the last stack of pg. Then, we iterate the following construction.
If pi+1 extends p; by a single transition, then we define p;41 to be the extension of p; by the
same transition. Due to the previous proposition this preserves equivalence of the topmost
stacks of p; and p;. Otherwise, p;+1 extends p; by some run that creates a new word wj1
on top of the last stack of p;. Then we want to construct a short run that creates a new
word w,,, on top of the last stack of p; such that w;4; and w},, are equivalent and w}, is
small. Then we define p;;+1 to be p; extended by this run.

Finally, this procedure defines a run p that corresponds to p in the sense that the
relevant ancestors of the two runs are isomorphic but p is a short run.

In the following, we prepare this construction. We show that for any run pg there is a
run pg that ends in some small stack that is equivalent to the last stack of pg. This is done
in Lemma 5.25. Furthermore, we show that for runs p; and p; that end in equivalent stacks,
any run that extends the last stack of p; by some word w can be transferred into a run that
extends p; by some small word that is equivalent to w. This is shown in Proposition 5.27.

The proofs of Lemma 5.25 and Proposition 5.27 are based on the property that prefixes
of equivalent stacks share the same number of loops and returns for each pair of initial and
final states. Recall that our analysis of generalised milestones showed that the existence of
loops with certain initial and final states has a crucial influence on the question whether
runs between certain stacks exist. We first define functions that are used to define what a
small stack is. Afterwards, we show that any run to some stack can be replaced by some
run to a short equivalent stack.

Definition 5.23. Let N = (Q,%,A,qp) be a 2-PS. Set a(n,z) = |Q|- |[¥*/=z| + 1, where
[**/=z| is the number of equivalence classes of =;. Furthermore, set Bygt := [£7/=3| - |Q|? and

B(n) =1QI- (IZ]+1)".

Remark 5.24. (n) is an upper bound for the number of pairs of states and words of
length up to n. Note that o, Bhg and 3 computably depend on N.

Lemma 5.25. Let n €N, z > 2, and let p be a run from the initial configuration to some
configuration (q,s). There is a run p’ starting in the initial configuration such that

[topa (p)] - a(n, 2) < [topy(p)] < [fopa ()],
hgt(p’) < [topy(p')] + Bugt,
o' < B(hgt(p)) and
top,(p) =7, topa ().
Furthermore, if [tops(p)| > a(n, 2), then |topy(p’)| < |topy(p)]-

We prove this lemma in three steps.

(1) For each run p with long topmost word, we generate a run p’ with equivalent but
smaller topmost word.
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f e
bdee b d b de
a a a a a a a a a a
s= 1 1 1 1 m1= L mo= 1 1 1 mg= 1 1 1

Figure 1: Hlustration for the construction in the first step of the proof of Lemma 5.25.

d f d f
b dd d b d d
a a a a a a a a
s=mhj= 1111 1L m=mg= L 11
d d f f d f
b dd b b ddd b ddd
a a a a a a a a a a a a a
mg= L1 L1 mp= 11 mj=1111 mh=1111

Figure 2: Illustration for the construction in the second step of the proof of Lemma 5.25.

(2) For each run p, we generate a run p’ such that top,(p) = topy(p’) and the height of
p’ is bounded by |top,(p)| + Bhgt-

(3) For each run p, we generate a run p’ such that topy(p) = topy(p’), the height of p’
is bounded in terms of hgt(p) and the width of p’ is bounded in terms of its height.

of step 1. Let p be some run with |topy(p)| > a(n,z). Let (q,s) == p(len(p)) be the final
configuration of p. For each k < a(n,z), there is a maximal milestone my € MS(s) with
[topa(my)| = k. Figure 1 illustrates this definition. Let wy, = topy(my) and let pg < p be the
largest initial segment of p that ends in my. Note that my dmyds for all k < k' < a(n, z)
by the maximality of my and my.

Then there are i < j < a(n, z) such that topy(p;) = top,(p;) and the final states of p;
and p; agree.

Due to the maximality of p;, no substack of pop,(m;) is visited by p after k :=len(p;).
Thus, the run 7 = (plien(p)]) [715/mi] is well-defined (cf. Definition 4.10). Note that
7 starts in (¢’,m;) for ¢’ € @ the final state of p;. Thus, we can set p := p; om. Since

w; = wy and since =7 is a right congruence, it is clear that topy(p) =2 tops(p). Since

n
0 < |wj| = |wi| < an, 2), it also follows directly that
[topy(p)| - a(n, 2) < [topy (p)] < [topa(p)].
[

of step 2. The proof is by induction on the number of words in the last stack of p that have
length h :=hgt(p). Assume that p is some run such that

hgt(p) > [topy(p)] + Bhgt-
In the following, we define several generalised milestones of the final stack s of p. An
illustration of these definitions can be found in Figure 2.
Let m € MS(s) be a milestone of the last stack of p such that |topy(m)| = h. For each
[topy(p)| < i < h let m; € MS(m) be the maximal milestone of m with [topy(m;)| =i. Let n;
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be maximal such that p(n;) = (¢',m;) for some ¢’ € Q. Let m] e GMS(s) x\ GMS(m) be the
minimal generalised milestone after m such that topy(m;) = topy(m;). Let n; be maximal
with p(n!) = (¢’,m}) for some ¢’ € Q.

There are |top,y(p)| < k <1< hgt(p) satisfying the following conditions.

(1) There is a q € @ such that p(ng) = (q¢,m) and p(n;) = (g, m;).

(2) There is a ¢" € Q such that p(n}) = (¢',m},) and p(n;) = (¢',m;).

(3) topy(my) =2 topy(my) (note that this implies that #Loop' (my) = #Loop' (m;) and

#Ret' (my) = #Ret' (my)).

By definition, we have m;<m;. Thus, the run my = (pl,, n1) [mu/my] is well defined (cf.
Definition 4.10). Note that m starts in (g,ms) and ends in (¢, ) for § = mj[m;/my]).
Moreover, topy(m1) = topa(my) = topy(p(ny)). Furthermore, plu jen(p)] never looks below
the topmost word of mj because nj, is the maximal node where the generalised milestone

my, is visited. Thus, (popy(m;): 1) PPt Jen(p)] Whence

72 = Pt ten(p)] [POP2(111) 1 L/POPo(8) & L]
is well defined. It starts in the last stack of m;. Now, we define the run p := pl[g 1071 0 m2.

Either hgt(p) < hgt(p) and we are done or there are less words of height hgt(p) in the last
stack of p than in the last stack of p and we conclude by induction. ]

of step 3. Assume that p is a run with len(p) > B(hgt(p)). We denote by n; the maximal

position in p such that the stack at p(n;) is pop4(p) for each 0 < i <|p|. There are less than

% many words of length up to hgt(p). Thus, there are i < j such that

(1) tops (poph(p)) = tops (pop) () ), and

(2) p(ni) = (q,popy(p)) and p(n;) = (q,p0p§(p)) for some ¢ € Q.
Now, let s; := pops (p) and s; := pop%“(p). There is a unique stack s such that p(len{p)) = (¢, s; : s).
Pl len(py] 18 @ run from pops(p) to s; : s that never visits s;. Thus,

1 1= Plin, ten(py] [5i 0 L/55 ¢ 1]
is a well defined run. The composition p := Pom;1© P1 satisfies the claim. []

The previous corollary deals with the reachability of some stack from the initial config-
uration. The following proposition is concerned with the extension of a given stack by just
one word. Recall that such a run corresponds to a # edge. We first define the function that
is used to bound the size of the new word. Recall that the equivalence relation =7, depends
on the choice of the fixed 2-PS N = (Q, %, A, qo). [¥*/=z| denotes the number of equivalence
classes of =7.

Definition 5.26. Set y(a,b,c,d) :=1+b+a(|Q|**/=4]).

Before we state the proposition concerning the compatibility of =7 with > edges, we

explain its meaning. The proposition says that given two equivalent words w and w and
a run p from (g,s : w) to (¢’,s : w: w') that does not pass any substack of s : w, then,
for each stack §: w0, we find a run p from (g, 5: w) to (¢/,§: @ : @") for some short word
w’ that is equivalent to w’. Furthermore, this transfer of runs works simultaneously on
a tuple of such runs, i.e., given m runs starting at s : w of the form described above, we
find m corresponding runs starting at §:w. This simultaneous transfer becomes important
when we search an isomorphic copy of the relevant ancestors of several runs. In this case
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the simultaneous transfer allows us to copy the relevant ancestors of a certain run while
avoiding an intersection with the relevant ancestors of other given runs.

Proposition 5.27. Letn,z,m € N such thatn>1, z>m, and z > 2. Letc=(q,s:w),é=(q,§: W)
be configurations such that w =7, w. Let p1,...,pm be pairwise distinct runs such that for
each i, |pi(j4)| > |s : w| for all j > 1 and such that p; starts at ¢ and ends in (g;,s: w : w;).
Analogously, let p1, ..., pm-1 be pairwise distinct runs such that each p; starts at ¢ and ends

in (g, §:w:w;) and |pi(7)| > |8 :w| for all j > 1. If

—z
Wi =,

LW foralll<i<m-1,
then there is some run pp, from ¢ to (qo,8: W : Wy,) such that
Wi =21 Wins
Pm 18 distinct from each p; for 1 <i<m, and
|dom| < 5 (m, @], n, 2).
We prepare the proof of this proposition with the following lemmas.

Lemma 5.28. Let z,m,n € N such that z > 2 and z > m. Let w,w’ be words and let

01,02, - -+ Pm e pairwise distinct runs such that p; starts in (q;,w) and ends in (G;,v;) for
some prefixv; <w. Ifw =;,, w', then there are prefives vy, vy, ..., v, of w' such that v; = v}
for all 1 < i <m and there are pairwise distinct runs pi, p, ..., pl, such that p) starts in

(gi,w'), ends in (G, v]).
Furthermore, v; = w if and only if v] = w" and v; < w implies that there is a letter a;
and words u;,u; such that w = via;u; and w' = via;u;.

Proof. Without loss of generality, assume that ¢; = ¢; =q and ¢; = ¢; = ¢ for all 1 <14, <m.
Since Lin’’7  (w) =, Lin’’7; (w'), a winning strategy in the Ehrenfeucht-Fraissé game induces
words v],v5,...,v), such that (vi,ve,...,vn) = (v],05,...,v],) is a partial isomorphism.
Thus, v; = v iff v; = vj. Since 2z > m, Duplicator can maintain this partial isomorphism
for at least one more round of the game. Therefore, the labels of the direct neighbours of
v agree with the labels of the direct neighbours of v; which especially implies v] = w’ iff
v; = w. Furthermore, if v;, = v;, =--- = v;,, then p;,, pi,, ..., p;, Witness that v;, is coloured
by S?q,q) in €in>% (w). Hence, v], is coloured by Séfq’q) in €in’7 (w’). Hence, there are k
pairwise distinet runs p; , pf,, ..., p, from (g,w’) to (¢, v} ) that do not visit v; before their
final configurations. Since, v; and v] are labelled by the same =>-type, the claim follows

immediately. ]

This lemma provides the transfer of runs from some stack s : w to stacks s : v; with
v; < w to another starting stack s’ : w’ if w and w’ are equivalent words. We still need to
investigate runs in the other direction. We provide a transfer property for runs from some
word w to extensions wvy, wvg, ..., Wopy.

Lemma 5.29. Let z,m,n € N such that z > 2 and z > m. Let p1,p2,...,pm be pairwise
distinct runs such that for each 1 < i < m the run p; starts in (g;,w), ends in (q;,wv;)
and never visits w after its initial configuration. Furthermore, let w’ be some word such

that w =, w'. There are words v}, v}, ..., v), such that |v)] < 1+m-|Q|- [z, the first
! — o = Y S N L
letter of v; and v, agree (or v; = v] = ), wv; =% w'v;, and there are pairwise distinct runs
Loph .., pl such that each run p) starts in w’, ends in w'v), and never visits w’ after its
P1yP2- 5 Pm Pi ’ i’

wiatial configuration.
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Proof. For each run p;, there is a decomposition p; = m, 0 A\ 0---0my 0 X\g 0 0 A\; wWhere
the \; are high loops and each m; is a run of length 1 that performs a push operation.
Since the =7 type of a word w determines #Ret*(w) and #HLoop®(w), we conclude with
Proposition 4.13 that #HLoop”(wv) = #HLoop”(w’v) for all words v € ¥*. Thus, there
is a run p) = m, o A\, 0---0my 0\, 0m o A] where the X\, are high loops such that the runs
phsphy .-, ph, are pairwise distinct. Note that p] ends with stack w'v; and w'v; =2 wu;
because =7 is a right congruence.

If o)) €1 +m-|Q|-|¥/=z| for all 1 < i < m we are done. Otherwise we continue with
the following construction. Without loss of generality assume that |v1]| > 1 +m-|Q|-[*"/=z|.
Then we find nonempty prefixes ug < u1 < ug < --- < Uy, such that for all 0 <i<j<m

(1) p| passes w'u; and w'u; in the same state § € () for the last time,

(2) w'u; =2 wu;, and

(3) L<uil <usl <1+ m-|Qf-[="/=]-
Let n; be the maximal position in p; such that pj(n;) = (¢, w'w;). For each 0 <i <j<m,
we can define the run p}” = p]Mon,] © P, len(sr)][Wus/wu;] which ends in the stack
wvr [wujfwy;]. Since =7 is a right congruence, this stack is equivalent to wv;. Furthermore,
it is shorter than wv;. By pigeonhole principle, there are 0 < i < j < m such that py” is
distinct from ph, p, ..., py,. Now, we replace p| by py’.

Repetition of this argument yields the claim. ]

For the proof of Proposition 5.27, we now compose the previous lemmas. Recall that
the proposition says the following: given m runs p1,...,pm starting in some stack s that
only add one word to s and given a stack § whose topmost word is =-equivalent to the
word on top of s, we can transfer the runs pi, ..., py, to runs pi,..., p,, that start at § such
that p, extends § by one word that is =_;-equivalent to the word created by p;.

Proof of Proposition 5.27. Let p1,p2,...,pm and p1, P2, ..., Pm-1 be runs as required in the
proposition. Assume that w; =;_; w; and that all runs p; end in the same state, i.e., ¢; = ¢,
for all 1 <7< j <m. Later we deal with the other cases.

We decompose each run p; as follows. Let w! = wnw;. Then p; = p? o p! o p? where
p? is a run of length 1 that performs exactly one clones operation, and pi1 is the run from
s:w:w to the last occurrence of s:w : wj.

Due to top;(w) = top (@), there are runs pY from ¢ to § : 1 : @ performing only one
clone operation and ending in the same state as p.

By Lemma 5.28, we can transfer the pll to runs [)1-1 starting at (g, §: @ : @) and ending
at §: 1 : 4; such that 4; < w and wnw; =;_; 4;. The lemma allows us to enforce that ,611 = /3}

iff pl = pt
iff p; = pj.

Let v; be the word such that w; = (w N w;) ov;. We use Lemma 5.29 and find words
D1,...,0m and Tuns p3, ..., p2, such that p? is a run from 8 : 1 : 4; to (g;,8 1 : 4;0;) which

visits §: 4 : 4; only in its initial configuration such that 4;0; =2_; w; and such that ;9; has
length bounded by

y(m,|w|,n, z) = |w|+1+m-|Q|-|="/=z].
Furthermore, /312 and ﬁ? coincide if and only if p? and p? coincide. we claim that the runs

A0 Al 22 A0 Al A2 A0 Al A2
P1OP1OP1,P2°P2°025 -5 Pm © Pm © Pm
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are pairwise distinct. First of all we show that 4; = wna;0;: Due to the last part of Lemma
5.28, there is a letter a; such that w = w;a;x; for some word x; and w = 4;a;T; for some
word Z;. Furthermore, v; and ©0; start with the same letter. Due to u; = w nu;v;, this letter
cannot be a; whence 4; = w N u;0;.

Heading for a contradiction, assume that ﬁ? o pAZ-1 o ,5? = ﬁ? o ,6; o ,6]2-. Since /3? and ﬁ?
have both length 1, this implies that ﬁ? = ﬁ?. Furthermore, we have seen that ﬁ} ends in
the last occurrence of the greatest common prefix w na;0; = 4;. Hence, the two runs can
only coincide if 4; = 4. But then pAZ-1 = ﬁjl- because both parts end in the last occurrence of
a stack with topmost word ;. But this would also imply that ﬁ? = ﬁ?. By construction of
the three parts, this would imply that p? = p(;, pl1 = pjl-, and p? = pjz. But this contradicts
the assumption that p? o pi1 o p? =piEpj= p? o pjl- o p?.

Since the runs are all distinct, there is some j such that ,69 o [)Jl o ij2 does not coincide
with any of the p; for 1 <i<m —-1. Note that p,, = ,69 o ,E)} o ,E)? satisfies the claim of the
proposition.

Now, we come to the case that the runs end in configurations with different states or
different =7 _,-types of their topmost words. In this case, we just concentrate on those p;
which end in the same state as p,,, and with a topmost word of the same type as wy,. This
is sufficient because some run p can only coincide with p; if both runs end up in the same
state and in stacks whose topmost words have the same type. L]

6. DYNAMIC SMALL-WITNESS PROPERTY

In this section, we define a family of equivalence relations on tuples in 2-NPT. The equi-
valence class of a tuple p1,..., pm with respect to one of these relations is the isomorphism
type of the substructure induced by the relevant l-ancestors of p1, ..., pm extended by some
information for preserving this isomorphism during an Ehrenfeucht-Fraissé game. Recall
that such a game ends in a winning position for Duplicator if the relevant 1-ancestors of
the elements that were chosen in the two structures are isomorphic (cf. Lemma 5.5).

We then show how to construct small representatives for each equivalence class. As
explained in Section 2.1, this result can be turned into an FO model checking algorithm on
the class of 2-NPT.

Definition 6.1. Let p = (p1,p2,...,pm) be runs of a 2-PS A and let M := NPT(N). Let
l,n1,n92,z € N. We define the following relations on RA;(p).
(1) For k<l and pep, let P;“ = {m e RA;(p) : m e RAk(p)}.
(2) Let ,,=;,-Type be the function that maps a run 7 to the ,, =}, -equivalence class of
the last stack of 7.

We write Ry 5, n,.-(p) for the following expansion of the relevant ancestors of p:
SRl,nl,NQ,z(p) = (erAl(ﬁ)v ('_6)65A7 ~ EZQ‘Typea (P;]fj)ksl,lstm)-
For tuples of runs p = (p1,...,pm) and o’ = (pi,...,pl,) we set ﬁﬁllzfm pif

9%l,nl,nz,Z(ﬁ) = %l,nlan,Z(ﬁ,)'
Remark 6.2. o If p ! =% p then there is a unique isomorphism ¢ : Ry, n, - (P) =
R 11 ns,2(P') witnessing this equivalence: due to the predicate P]Q, p; is mapped to
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,0;» for all 1 < j <m. Due to the predicate P]l-, the relevant ancestors of p; are mapped
to the relevant ancestors of ,0;-. Finally, ¢ must preserve the order of the relevant
ancestors of p; because they form a chain with respect to = u > (cf. Proposition
5.12).

e Due to Lemma 5.5, it is clear that p ﬁllzzQ
morphism mapping p; = pj for all 1 <i <m.

p’ implies that there is a partial iso-

Since equivalent relevant ancestors induce partial isomorphisms, a strategy that pre-
serves the equivalence between relevant ancestors is winning for Duplicator in the Ehrenfeucht-
Fraissé-game.

Given a 2-PS N, set M := NPT(N). We show that there is a strategy in the Ehrenfeucht-
Fraissé game on N, p and N, p’ in which Duplicator can always choose small elements com-
pared to the size of the elements chosen so far in the structure where he has to choose.
Furthermore, this strategy will preserve equivalence of the relevant ancestors in the follow-
ing sense. Let p, p’ € be the n-tuples chosen in the previous rounds of the game. Assume
that Duplicator managed to maintain the relevant ancestors of these tuples equivalent, i.e.,
it holds that p ﬁcsz p’. Now, Duplicator’s strategy enforces that these tuples are extended by
runs 7 and 7’ satisfying the following. There are numbers k;,[;, n; such that p, 7 gclz =, o
and furthermore, the size of the run chosen by Duplicator is small compared to the elements
chosen so far. Before we state the exact claim, we define some functions that provide bounds
for Duplicator’s choices.

Definition 6.3. Let N be a 2-PS and let a,b € N. We define the functions
¢(:N° >N, n:N° - N, and 0:N° >N
by induction on the first parameter. We set
€(0,29, 3,24, 25) =n(0, 22,23, x4, 25) = 0(0, 22, 23,4, 25) =0 for all x9, x5, 24,25 € N.

For the inductive step, let Z,41 := (n +1,2,1’,nf,n}) € N° be arbitrary. We set [ := 41’ + 5,
nyi=n)+2(I'+1)+1, ng:=nh +4"*1 41, and 7, := (n, z,1,n1,n2). We define auxiliary values
H° for 1 <4< 4" and Hfbb for 1 <i<n +4". Recall that we introduced «, 8 and Bhgt
in Definition 5.23 and v in Definition 5.26. Set

H°C = v(n - 44l,+3,C(JEn),n2 -1,2),
K (L H - 41,2),
HE" = ((Z,) + Bug + a(nh +n7 +4"1 =1, 2), and
Hfi?b =(1, Hzg’bb, nby +nj + 4" 2).
Now we set
(@) = max [l 5T, ).
D(Zne1) = 0(2n) + BHEPY + 0 +2(1' +1), and
0(Zns1) = 0(20) + (4" + 1)¢(Zas1) - 1(@nr1) - (1+ LLY (C(@0s1))).
where LLQ/ is the function from Proposition 4.14 that bounds the length of short loops.

Remark 6.4. Since 7, «, 3, Bygt, and LL depend computably on N, the functions ¢, 7 and
6 also depend computably on N.
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Proposition 6.5. Let N be a 2-PS. Set := NPT(N). Let n,z,n},nb,l' e N, [:=41"+5,
nyi=nf+2('+1) +1, and ng == ny + 4" +1 such that z > 2 and z >n-4'. Furthermore, let
p and p’ be n-tuples of runs of M such that

)
)
) hgt(m) <{(n,z,l,n1,n9) for all m € RA;(p"), and
) |7l < n(n, z,1,n1,n2) for all m e RA(p).
For each p € N there is some p' € N such that
(1) ﬁvply:’lzi’g /jlvp,}
(2) len(m) <O(n+1,z,0',n},nb) for all m e RAy (9, p'),
gt(m) <C{n+1,z,0",n7,n or all ™€ ipp), an
(3) hgt(m) <¢(n+1,2,1",ni,n5) for all e RA(p", p'), and
(4) |7l < n(n+1,2,U',n],nb) for all m e RA(p',p').

This proposition can be reformulated as a finitary constraint for Duplicator’s strategy in
the Ehrenfeucht-Fraissé game on every 2-NPT. This yields an FO model checking algorithm
on 2-NPT. Before we present this application of the proposition in Section 7, we prove this
proposition. For this purpose we split the claim into several pieces. The proposition asserts
bounds on the length of the runs and on the sizes of the final stacks of the relevant ancestors.
As the first step we prove that Duplicator has a strategy that chooses runs with small final
stacks. This result relies mainly on the Propositions 5.22 and 5.27. These results allow us
to construct equivalent relevant ancestor sets that only contain runs ending in small stacks.
Afterwards, we apply the corollaries 4.16 and 4.17 in order to shrink the length of the runs
involved.

6.1. Construction of Isomorphic Relevant Ancestors. Before we prove that Duplic-
ator can choose short runs, we state some auxiliary lemmas concerning the construction
of isomorphic relevant ancestors. The following lemma gives a sufficient criterion for the
equivalence of the relevant ancestors of two runs. Afterwards, we show that for each run p
we can construct a second run p’ satisfying this criterion.

Lemma 6.6. Let pg < p1 < -+ < py = p be runs such that RA;(p) = {p; : 0 <i <m}. If
P0 < P1 <+ < P are runs such that

o the final states of p; and p; coincide,

* po =pops(pm) or |pol = 1pol = 1,

® po n1E1212 ﬁO; and

o pi % pis1 iff pi * pis1 for all 1 <i<m and * € { #} U {F0: 5 e A},
then

RAl(ﬁm) = {ﬁl :0<i< m}

If additionally topy(pi) =;,_; tope(pi) for all 0 <i<m, then

A~ L _z
pm ’)’L1=n2—4l pm

Proof. First, we show that for all 0 < i < j <m, the following statements are true:
pi =" pj iff pi v pj, (6.1)
pi ~ pj it p; ~ p;, and
pi  pj iff pi & pj.
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Note that p; F° p; implies j = ¢ + 1. Analogously, p; o p; implies j =i+ 1. Thus, (6.1) is
true by definition of the sequences.

For the other parts, it is straightforward to see that |pg|—|p;| = [px| = |p;| for all 0 < j <
k <m: for k = j the claim holds trivially. For the induction step from j to j + 1, the claim
follows from the assumption that p; * p;1 if and only if j; * pj.1 for all x € { PJu{%: 6 € A}.

Furthermore, assume that there is some 7 such that pp < © < pg+1. Then it cannot
be the case that pp F pre1. This implies that py * prr1. By definition, it follows that
Pk pr+1. We conclude directly that |7] > |pg+1] > |pk|- Thus,

pj ~ pi iff
|pj| = |pk| and |7| > |p;| for all p; < 7w < py, iff
951 = 16k| and || > |p;] for all pj <& < pi iff
Pj ™ Pk
Analogously, one obtains (6.3).
We now show that RA;(pn,) = {p; : 0 <i <m}. Note that

RA(pm) N7 s pm <7} = {pm}
Assume that there is some 0 < mg < m such that
RA[(pm) 0 {7 : pmg <7} ={pi : mp <i<m} and
pi € RAk(p) iff p; e RAR(pp,) for all k <1 and i > my.

We distinguish the following cases.

o If png—1 0 pm, for some transition & then p,_1 F° pm, due to (6.1). Thus, there
are 1o runs Ppm,—1 < T < Pm,. Hence, we only have to show that pp,,-1 € RAg(pm) if
and only if pp,,-1 € RAk(pm) for all k < 1.

If pmg-1 € RAg(pm), then there is some j > mg such that p; e RAy_;(pm) and
Pmo-1 is connected to p; via some edge. But then pj e RAp_i(pm) and ppmy-1 is
connected with p; via the same sort of edge. Thus, pry-1 € RAR(pm)-

The other direction is completely analogous.

e Otherwise, assume that there is some py, -1 < T < pm,. Since its direct predecessor is
not in RA;(pm), pmo € RA1_1(p). Thus, pn, ¢ RA;_1(p). By construction, py,-1
Pmo- Thus, |7t] 2 |pme| for all pry-1 < & < Pm,- This implies that m & p; and © ¢ p;
for all mg < < m. This shows that m ¢ RA;(pn,)-

We obtain that pp,,-1 € RAg(pm) iff pmg-1 € RAg(pm) for all k <1 analogously to
the previous case.

Up to now, we have shown that RA;(p,) n{m:po <7} ={p; :0<i<m}. In order to prove
RA;(pm) = {pi : 0 <i <m}, we have to show that pg is the minimal element of RA;(p,).
There are the following cases
(1) po = poph(pm). In this case, we conclude that pg = poph(pm) by construction. But
Lemma 5.7 then implies that pg is the minimal element of RA;(p,).
(2) |po|l =1po| = 1. Note that py ¢ RA;_1(pm) because pg is minimal in RA;(py,). Thus,
we know that po ¢ RA;_1 ().

Heading for a contradiction, assume that there is some 7 € RA;(py,) with 7 < po.
We conclude that 7 ~ gy or & * py, for some pr € RA;_1(pr,). But this implies that
|7| < |po| = 1. Since there are no stacks of width 0, this is a contradiction.

Thus, there is no @ € RA;(p,,) that is a proper prefix of py.
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We conclude that RA;(py,) = {pi : 0 <i <m}.

Let us turn to the second part of the lemma. Assume that topy(p;) =;,,_; tops(p;) for
all 0 <4 <m. Since p; and p;41 differ in at most one word, a straightforward induction shows
that pi n,_|pol+]p:|Zny_i Pi (cf. Proposition 5.22). But this implies py, 511 522_41 Pm because
|po| < |ps| as we have seen in Lemma 5.7. O

The previous lemma gives us a sufficient condition for the equivalence of relevant an-
cestors of two elements. Now, we show how to construct such a chain of relevant ancestors.

Lemma 6.7. Let [,n1,ns,m,z € N such that ns >4" and z > 2. Let
Po < P1 << pm=p be runs such that
RA;(p) n{m:po<m=<p}={pi:0<i<m}.

Let po be a run such that po n, =, po- Then we can effectively construct runs

A~

Po < P1 << pm =ip
such that
e the final states of p; and p; coincide for all 0 <i<m,
o pi V0 pivt iff pi V0 pisr and p; > pis1 iff pi & pist for all 0 <i<m, and
e topy(pi) =;,_; topa(p:) for all 0 <i<m.

Proof. Assume that we have constructed
[A)O </31 <o <pm07
for some mg < m such that for all 0 <7< mg

(1) the final states of p; and p; coincide,

(2) pi 0 pir1 iff p; 0 piv1 and p; > piy1 ff p; & pir1 (note that either p; + p;jyq or

pi  pi+1 hold due to Proposition 5.12), and

(3) topa(pi) =5, ; pi-

We extend this chain by a new element p, ,; such that all these conditions are again
satisfied. We distinguish two cases.

First, assume that pp, F° pmgs1. Since pr, =5 —mo Pmos 10P1(Pmg) = topy (Pm, ). Due to
Condition 1, their final states also coincide. Hence, there is a pp,,+1 such that py,, 0 Prig+1-
Due to Proposition 5.22, pp,+1 satisfies Condition (3).

Now, consider the case pym, * pmy+1. The run from p,,, to py,,+1 starts from some stack
s and ends in some stack s:w for w some word, the first operation is a clone and then s is
never reached again. Hence, we can use Proposition 5.27 in order to find some appropriate
Pmo+1 that satisfies Condition (3). [

The previous lemmas give us the possibility to construct an isomorphic copy of the
relevant ancestors of a single run p. In our proofs, we want to construct such a copy while
avoiding relevant ancestors of certain other runs. Using the full power of Proposition 5.27
we obtain the following stronger version of the lemma.

Corollary 6.8. Let l,n1,n2,m,z € N be numbers such that z >m-4 and ny > 4'. Let p and
p’ be m-tuples such that p ﬁllzm P’ and o, is an isomorphism witnessing this equivalence.
Furthermore, let pg < p1 < --- < pm be runs such that for each i < m either p; w1 or
Pi > Pi+l-
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If po € RA((p), and if p1 ¢ RA{(p) then we can construct pg = i(po) < p1 < P2 <+ < pm
satisfying the conditions from the previous lemma but additionally with the property that
p1 ¢ RA(D).

Proof. We distinguish two cases.

(1) Assume that pg + p1. Due to the equivalence of pg and py, we can apply the
transition connecting pg with p; to pg and obtain a run p;. We have to prove that
p1 ¢ RA(D').

Heading for a contradiction assume that p; € RA;(p’). Then ;' preserves the
edge between pg and py, i.e., po = 7 (po) F @7 (p1). But this implies that ;' (1) =
p1 which contradicts the assumption that p; ¢ RA;(p).

(2) Assume that pg  p1. Up to threshold z, for each 7 such that pp > 7 and 7 € RA;(p")
there is a run py > ¢; (7). Since p; ¢ RA;(p), we find another run p; that satisfies
the conditions of the previous lemma and p; ¢ RA;(p"). This is due to the fact that
Proposition 5.27 allows us to transfer up to z > |[RA;(p’)| many runs simultaneously.

U

6.2. Construction of Small Equivalent Stacks. In this section, we prove that Duplic-
ator has a strategy that preserves the isomorphism type of the relevant ancestors while
choosing runs whose relevant ancestors end in small stacks. Later, we show how to bound
the length of such runs.

The analysis of this strategy decomposes into the local and the global case. We say
Spoiler makes a local move if he chooses a new element such that one of its relevant ancestors
is an relevant ancestor of the elements chosen so far. We say Spoiler makes a global move
if he chooses an element such that its set of relevant ancestors does not intersect with the
set of relevant ancestors of the elements chosen so far.

We first head for the result that Duplicator can manage the local case in such a way
that he chooses an element such that all its relevant ancestors end in small stacks. Then
we show that Duplicator can manage the global case analogously.

Lemma 6.9. Let n,z,l’,n},n) € N be numbers such that z >2, n] >0, ny, >0, l:=41"+5,
z>n-4 ny=nf + 20" +1) +1, and ng = nh + 4" 41

Let p,p’ be n-tuples of runs such that pl, =% p' and such that hgt(m) < ((n, z,1,n1,n2)
and |r| < n(n,z,l,n1,n9) for all m € RA|(p'). Furthermore, let p be some run such that

RAy,1(p) nRAy41(p) #3. Then there is some run p’ such that

hegt(p') <C(n+1,2,U,n1,n5), |p|<n(n+1,2,0',n1,n5), and  (p,p) ZIIEZIQ (p',0).

Il —z =
TL1=TL2 p *

Proof. Let 1 : Riny ng.2(P) 2 Rinyno,z(p) denote the isomorphism that witnesses p
Let pp € RAy,1(p) be maximal such that

RAp1(p) n{m:m < po} € RAyr.3(p) € RA(p).
There are numbers mg < 0 < my and runs
Pmg < Pmg+1 <7< Po < P1 <00 < Py

such that RAy,1(p) = {pi : mo <i <my}. We set p} == ¢1(p;) for all my <i<0. Note that
hgt(p() < C(n, z,1,n1,n2) and |pj| < n(n,z,l,n1,n2).
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Next, we construct pi, ..., p;,, such that p:= p;, has relevant ancestors isomorphic to
those of p. We first define p) such that
) the final state of p] and p; coincide,
2) topy(p}) =,-1 top2(p1),
) py =0 P it po F0 pr,
) po Py it po e pr,
) P1ERAy3(p"), and
(6) hgt(p)) <v(n-4%*3 hat(ph),na - 1,2) < HI°® (cf. Definition 6.3).
If po F° p1, this construction is trivial. Note that there is an element P06 o py and
Pl ¢ RAy,3(p') (otherwise, p1 = ¢7'(p1) € RAgrs3(p’) contradicting the maximality of
p0). If po > p1, we just apply Proposition 5.27.
Now, we continue constructing py, ..., p},, = p’ such that

(1
(
(3
(4
(5

(1) the final states of p; and p; coincide for all 2 <i <my,

(2) topa(p}) =,-; topa(pi),

(3) for all 2 <i<my, p; 0 p£+1 if p; -0 pis1; in this case hgt(pl,,) < hgt(p}) + 1,

(4) for all 0<i<my, pi le if p; @ pi+1; In this case the use of Proposition 5.27

ensures that hgt(p},) < Vl' -, (Lhgt(p}),n2 =i, 2)

By definition, it is clear that condltlons 1-3 hold also for all mp < ¢ < 0. Using Lemma
6.6, we obtain that p il z, p’. A simple induction shows that hgt(p}) < H}°° whence
hgt(p') <C(n+1,z2,I' nl,nz) Furthermore, due to Lemma 5.9 |p;| — |po| < 2(I" + 1) whence
15| < ppl +2(1" + 1) < n(n +1,2,0',n],nb).

We still have to show that the isomorphism between RA;(p) and RA;(p’) and the

isomorphism between RA;(p) and RAy(p’) are compatible in the sense that they induce
an isomorphism between RA;(p, p) and RA;(p', p’). The only possible candidate is

o :RAy(p, p) > RA (9, p')

! for m=p;,mo <i<my
I d _
oi(m) for me RAyy1(p).

In order to see that this is a well-defined function, we have to show that if p; € RAy.1(p)
then p! = ¢;(p;) for each mo < i < my. Note that p; € RAy,1(p) nRAp41(p) implies that
m € RAgpy3(p) for all m € RAy41(p) with 7 < p; (cf. Corollary 5.11). But then by definition
i <0 and p; = pi(pi).

We claim that ¢ is an isomorphism. Since we composed ¢ of existing isomorphisms
RA;(p) ~ RAy(p") and RAy(p) ~ RAy(p), respectively, we only have to consider the
following question: let m € RA;/(p) and 7 € RA;(p); does ¢y preserve edges between m and
7 and does and gpl_,l preserve edges between the images of m and 77 In other words, we have
to show that for each

we {8 U{F 6 e AYu {6 e A}, we have 7 x 7 iff () * oy (7).
The following case distinction treats all these cases.
e Assume that there is some * € {~, #} U {F% § € A} such that 7 % #. Then
m e RAp1(p). Thus, there are mp < i < j < my such that 7 = p; and @ = p;.
We have already seen that then ¢y () = p; and @y () = p; and these elements are
connected by an edge of the same type due to the construction of p and p;.
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e Assume that there is some * € {~ S} U {~° § € A} such that w * #. Then
7 € RAp;1(p) whence ¢ coincides with the isomorphism ¢; on 7 and 7. But
¢ preserves edges whence 7 * 7 implies oy (7) * @y (7).

e Assume that there is some * € {~, #} U {F% § € A} such that ¢y (7) * oy (7).
By definition, ¢y (7) € RAy(p’) whence ¢y (7) = p; for some mg < j < miy. Thus,
o (m) e RAy1(p") whence @y () = p; for some mg < i < j. We claim that m = p;.
Note that due to Corollary 5.11 for all mg < k < i we have pfc € RAzp3(pp(m)).
Since () = @i(m) € RAp(p’), we conclude that pk, € RAy3(p") for all mg < k <.
By construction, this implies ¢ < 0 and ¢y () = pi = ¢i(pi). Furthermore, since
m e RAy(p), pr(m) = (). Since ¢; is an isomorphism, it follows that 7 = p;. But
this implies that there is an edge from 7 = p; to 7 = p;.

e Assume that there is some * € {+~, ~} U {=% 5 € A} such that ¢y (7) * @y (7). This
implies

o (1) € RAp,1(p") nRAL1(p). (6.4)

By definition, 7 = p; and @y (7) = pj for some mg < j < mj. Due to (6.4),

7€ RAyp43(p") for all mg <4 < j. Since p] ¢ RAgr43(p"), 7 <0. Thus, pj € RAyri3(p)
and o () = @i (7). Since ¢; preserves the relevant ancestors of p level by level, we
obtain that 7 € RAy,1(p). Since m € RAy41(p), we obtain that ¢y () = ¢;(7) and
o () = (7). Since ¢ is an isomorphism, we conclude that 7 * 7

Thus, we have shown that ¢y is an isomorphism witnessing p, p Z, =, 0,0 ]
1 2

The previous lemma shows that Duplicator can respond to local moves in such a way
that she preserves isomorphisms of relevant ancestors while choosing small stacks. In the
following we deal with global moves of Spoiler. We present a strategy for Duplicator that
answers a global move by choosing a run with the following property. Duplicator chooses a
run such that the isomorphism of relevant ancestors is preserved and such that all relevant
ancestors of Duplicator’s choice end in small stacks. We split this proof into two lemmas.
First, we address the problem that Spoiler may choose an element far away from p but close
to p’. In this situation, Duplicator has to find a run that has isomorphic relevant ancestors
and which is far away from p’. Afterwards, we show that Duplicator can even choose such
an element whose relevant ancestors all end in small stacks.

Lemma 6.10. Let n,l',n},n5 € N be numbers. We set | :=4"+5, ny :=n] +2(0"+1) +1,
and ng = nf +4"*1 1 1. Let 2 € N satisfy z >n-4 and z > 2.
Let p and p' be n-tuples of runs such that p 511_7212 p'. Furthermore, let p be a run such

that RAy41(p) NRAp1(p) = @. Then there is some run p’ such that p,p, v ' :Z, o,p.

Proof. Let ¢; be the isomorphism witnessing RA;(p) | =2 RA;(p'). fRAp 1 (7)) nRAy,1(p) =

n1 “na

@, we can set p := p and we are done. Otherwise, let 7§ < 79 <--- < 7720 be an enumeration of

all elements of RA;,1(p") N RA41(p). Due to Corollary 5.14, RAy,1 (p) n {m: 7 <75 } € RAsp3(p).
Since [ > 3" + 3 we can set m} = 7} (n?) for all 0 < < mg. Due to Lemma 6.7, there is
an extension 7} < p! such that RA;,;(p) Z{rlzflé RA;,1(pt) and 7TZ~1 € RAy,1(pt) for all
0<i<ng. If RAlr+1(p YN RA1(p) = @ we set p’ := ,01 and We are done.

Otherwise we can repeat this process, defining 77 := =) L(w}) for the maximal ny < ng
such that 7} € RA3y,3(p’) for all 0 < i < ng. Then we extend thm run to some run p2. If this
process terminates with the construction of some run p’ such that RA;,1(p") nRA;.1(p') =
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@, we set p’ := p' and we are done. If this is not the case, recall that RAs;,3(p’) is finite.
Thus, we eventually reach the step were we have defined 7r8, 776, ..., 7" for some m € N such
that for the first time 7" = wj for some 7 < m. But if ¢ > 0, then

w0 = () = plmg) =
But this contradicts the minimality of m. We conclude that 77" = 7) which implies that
70 € RA3p,3(p). Furthermore, by definition we have ) € RA;,1(p) and there is a maximal
i such that 70 € RAs,3(p). Since z > |RA;(p)|, we can apply Corollary 6.8 and construct a

chain ¢y (79) < pl,, < ply <+-+<p’ such that ,5,,0%,15;,2 7.0 ]
We have seen that that Duplicator can answer every global challenge of Spoiler. But
we still need to prove that she can choose an element whose relevant ancestors all end in

small stacks. The use of the pumping construction from Lemma 5.25 allows to prove this
fact.

Lemma 6.11. Let n,l',nj,nh, z e N, let | :=4I"+5, ny:==n] +2(I"+1) + 1, and let ny :=
n’2+4l'+1+1. Furthermore, let p be an n-tuple of runs such that hgt(w) < {(n, z,l,n1,n2) and

7| < n(n, z,1,n1,n2) for all m € RA(p). If p is a run such that RAy1(p) nRAy41(p) = @,
then there is some run p’ such that

N
p?pn1=f7,2 pvpla
hgt(m) <C(n+1,2,0',n],n%), and
7| <n(n+1,2,0",n],n5)
for all m € RAy(p, p').
Proof. Let pg < p1 <+++ < pm := p be runs such that RAy,1(p) = {p;: 0<i<m}.

Let mg > —n] be minimal such that there are runs pm, < pPmg+1 < *++ < po such that
for each mg < i < 0 either p; * pir1 oOr p; 0 pi+1 for some clones transition §. Due to the
construction, either mg =1-nj or |po| < nf.

We construct runs py, < py, .1 <+ < py, ending in small stacks such that pj, i; / =2 ; Pm
as follows. If hgt(pm,) < ¢(n, 2,1,n1,n2) and |pm,| < n(n, 2,1,n1,n2), then we set p), 1= P,

Otherwise, Lemma 5.25 provides a run p;no such that

hgt(ﬂ;no) < Hf’bb i= ((n,z,1,n1,n2) + Bhg + a(ng + nj Y LE S 1)

lob
ool € (152,10, m2) + B(HE®),
either hgt(p;no) >((n,z,l,n1,n2) or |p;n0| >n(n,z,l,n1,n2), and
A /
Pmo 1=nsen) al'+1 1 Pmy-
The last condition just says that topy(pm,) 52'2+n'1+4l’—1 topa (P )-
Having constructed p] for i < m, we construct p; ; as follows.
(1) If hgt(p;) < ¢(n,z,1,n1,n2) and |p;| < n(n,z,l,n1,n2) for all mp < j <i+1, set
Pis1 = Pitl-

(2) Otherwise, if p; F° p;41 then define p,, such that p;=° pf, ;.

(3) If none of the previous cases applies, then p;  p;4+1 and using Proposition 5.27 we
construct pf,; such that

(a’) p; r)p;+17
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(b) hgt(pi,1) <v(1, max{hgt(p;),C(n,2,l,n1,n2) }, nh +nj = (i + 1 —mo)),

(c) hgt(pi,1) > C(n,z,1,n1,n2) if hgt(p;) < {(n, 2,1,n1,n9) for all mg < j <i and if
| < n(n, z,l,nl,ng) for all mg <j<i+1, and

(d) topZ(le) nl+n/, +4 41 (i41-mg) -1 t0p2(pz+l)

41 +1

First of all, note that n}, +nj + —(0-mg) =1 > nh+4"*! whence pg n 52,2+4l,+1 po- Since

m < 41 and since 051 > || for all 0 < j <m, we conclude that pj v =7, pj for all 0 < j <m.
2

/l+1 ==

Using Lemma 6.6, we see that p’ ny P
Furthermore, RA;,1(p") N RAZI+1( ) @: heading for a contradiction, assume that

pi € RAp41(p") nRA41(p)

for some 0 < i <m. Then p; € RA3r43(p) € RA(p) for all 0 < j < 4. Thus, hgt(p}) < ((n, z,1,n1,12)

and |p}| <n(n,z,1,n1,n2) for all 0 < j < 4. By construction, it follows that p; = p; for all mg <

i < j. But then p; = p; € RAy41(p) nRAy41(p) which contradicts RAy11(p) nRAy41(p) = @.
Thus, RAy(p) and RAy(p’) do not touch whence p, p lnl—fw p,p. O

6.3. Construction of Short Equivalent Runs. Combining the results of the previous
section, we obtain that for each n-tuple in 91(S) there is an FOg-equivalent one such that
the relevant ancestors of the second tuple only contains runs that end in small stacks. In
order to prove Proposition 6.5, we still have to bound the length of these runs. For this
purpose, we use Corollaries 4.16 and 4.17 in order to replace long runs between relevant
ancestors by shorter ones.

of Proposition 6.5. Using the Lemmas 6.9 — 6.11, we find some candidate p’ such that
Dy p Z,l Ezg P, p" and the height and width of the last stacks of all 7 € RAy,1(p’) are bounded
by ((n+1,z,0',n],n5) and n(n+1,z,10, nl,nz) respectively

Recall that there is a chain p < pj <--- < Pm p" such that RAy1(p') = {p;: 0<i<m}.
This chain satisfies 0 <m <4+ and p} +° i, or pi @ pl, for all 0 <i < m.

If py ¢ RAsp.3(p"), then we can use Corollary 4.16 and choose some p(, that ends in the
same configuration as p(, such that p{ ¢ RAgy.3(p") and

len(pé) S 1+2 ) C(n + 1’ Z? ll7n’17n/2) ) n(n + ]'7 27 l/’ nll’né))
A+ LIY(C(n+1, 2,00}, nb))).

If p Po € RAg43(p’) let 0 < ¢ < m be maximal such that p; € RA;(p’). In this case let
P = pj for all 0 < j <.

By now, we have obtained a chain p{, < p] <--- < p} for some 0 <4 < m. Using Corollary
4.17, we can extend this chain to a chain {p}:0 <7 <m} such that

(1) pi(len(p))) = pi(len(p;)), i.e. p; and p; end in the same configuration,

(2) phr0 ply iff pL w0l for all 0 <i <m,

(3) pi & plyy it pl > ph,, forall 0<i<m,

(4) len(pgﬂ) <len(p))+2-C(n+1,2,0 nl,nQ) (1 +LLY (¢(n+1,2,0',n,,nb))), and

(5) p; € RAgpy3(p’) for all 0 < j <i implies p; = p; (here we use that z>n- 43043y

Using Lemma 6.6, we conclude that p’ ljl_flé p' for p' := pl . Furthermore, we

claim that RAy,1(p") nRAp1(p) = RAp1(p") nRAp,1(p'). By definition the inclusion
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from left to right is clear. For the other direction, assume that there is some element
pi € RAp,1(p") nRAyH( ). By Lemma 5.11, this implies that p] € RA3y3(p") for all
0<j<i. Thus, p; = p}, which 1mphes that pl € RAZI+1( N nRA1(p).

Al _z

We conclude that p, p 51’ =7 , p.p n, =n p',p'. By definition, the length of p’ is bounded
by 6(n+1,z,0',nf,nb) (cf. Deﬁnltlon 6 3) 0]

7. FO MoDEL CHECKING ALGORITHM FOR LEVEL 2 NESTED PUSHDOWN TREES

Fix a 2-PS N and set 9N := NPT(N). We have shown that if 9 £ Jzp(x) then there is a
small run p such that M & ¢(p). Even when we add parameters py, ..., p, this result still
holds, i.e., there is a short witness p compared to the length of the parameters. Hence, we
can decide FO on 2-NPT with the following algorithm.

(1) Given a 2-PS N and a first-order sentence ¢, the algorithm first computes the
quantifier rank g of .

(2) Then it computes numbers z,1!,12,13 1, ni,ni,ni...,ndny,n3,n3,....nd eN
such that for each i < ¢ the numbers z, %, I"*1 ni ni+!, nQ,n’;l can be used as para-

meters in Proposition 6.5.

(3) These numbers define a constraint S = (S™(i));, for Duplicator’s strategy in the
g-round game on N and N as follows. We set (p1,p2,.--,pm) € S% if for each i <m
and 7 € RAll (pl)

len(m) < 0(i, z,1°, ni,nb),
hgt(m) < C(i,2,0%,n},nb), and
ol < (i 2, 0 mf ).
(4) Due to Proposition 6.5, Duplicator has an S-preserving strategy in the g-round

game on N and Y. Thus, applying the algorithm SModelCheck (cf. Algorithm 1 in
Section 2.1) decides whether M E .

7.1. Complexity of the Algorithm. We cannot derive any elementary bound for SMod-
elCheck on 2-NPT. The underlying reason is that the function LLJZ\[ bounding the size of
the shortest z loops of each stack depends nonuniformly on the 2-PS N. For a fixed 2-PS
N we can compute this dependence, but we have no general bound on the result in terms
of |[NM|. To our knowledge, the only approach for computing such bounds would be Hay-
ashi’s pumping lemma for indexed grammars [11]. But his lemma only gives nonelementary
bounds on the values of LL in terms of |V and 2.

If we restrict our attention to the case of 1-NPT the picture changes notably. The FO
model checking problem on 1-NPT can be solved by an 2-EXPTIME alternating Turing
machine. We already proved this bound in [12] using a different approach. In the final part
of this section, we sketch how this result follows from the approach in this paper. Recall the
characterisation of > in the 1-NPT case from Remark 5.2. We have p # por if m performs
a push transition followed by level 1-loop (i.e., a run that starts and ends in the same stack
and never inspects this stack). Furthermore, for p,, the minimal element of RA,,(p) we have
pn = pop] (p). Furthermore, successive elements of RA,,(p) are connected by a single edge
or by ¢*. Thus, the final stacks of two successive relevant ancestors differ in at most one
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letter. The following lemma tells us that the number of # edges starting at some element
p only depends on the state of p and the symbol on top of the stack.

Lemma 7.1. Let N be a 1-PS. Let q,G € Q, w,w’ € ¥* and a € X. Then there is a bijection
between the runs from (q,wa) to (§,wa) that never visit w and the runs from (q,w’a) to
(¢, w'a) that never visit w’.

Proof. The bijection is given by the stack replacement [w/w’] (cf. Lemma 4.8). O
Using the previous observation, it is straightforward to prove the following lemma.
Lemma 7.2. Let N be a 1-PS and let ¢,§ € Q, we X* and a € X. The set
{p:p(0) = (q,wa), p(len(p)) (¢, wa), and p(i) +w for all 0 <i <len(p)}

is a context-free language accepted by some 1-PS of size linear in |N|. Furthermore, the set
of runs from the initial configuration to (q,w) of N forms a context-free language that is
accepted by some 1-PS of size linear in |N|.

Using the pumping lemma for context free-languages [2], we derive the following bound
on short elements of context-free languages.

Lemma 7.3. There is a fized polynomial p such that the following holds. Let L be some
context-free language that is accepted by a 1-PS N'. If L contains k elements, then there are
pairwise distinct words wi,ws, ..., wg € L such that length |w;| is bounded by k-exp(p(|N]))
forall1<i<k.

These observations imply that it is rather easy to construct runs with similar relevant
ancestors in a 1-NPT. In the following, we define a simpler notion of equivalent relevant
ancestors in the 1-NPT case that replaces the one for 2-NPT in Definition 6.1.

Definition 7.4. Let A be some 1-PS generating 9 := NPT(N). Let p:= p1,p2,...,pn and
p = pl,phy ..., pl be elements of M. We define p »; p’ if there is a bijection ¢ : RA;(p) —
RA;(p’) such that the following holds:
(1) For all I’ <l and m € RAy(p;), we have o(7) € RAy(pl).
(2) ¢ preserves -, ~ and -edges.
(3) ¢ preserves states and topmost stack elements, i.e., for 7 € RA;(p) such that 7 ends
in configuration (¢, wa), then ¢(7) ends in (g, w’a) for some word w’.

Using corresponding constructions as in the proof of proposition 6.5, we can prove that
Duplicator has a winning strategy that only uses elements of doubly exponential size.

Proposition 7.5. There is a polynomial p such that the following holds: Let N be a 1-PS
generating the NPT N :=NPT(N). Let I’,C €N, and | := 41" +5. Furthermore, let p and p’
be n-tuples of runs of M such that p~; p', and len(w) < C for all m € RA(p'),

For each p € N there is some p' € N such that

p,p~v php andlen(r) < C +4Y -n-4lexp(p(|N])) for all m € RAu (7, p').

Proof. As in the 2-NPT case, we distinguish a local and a global case. Let ¢ witness that
pp

o If RAy(p) nRA(p) #+ @ let pp be maximal in this set. We define pf, := ¢(po). There

are runs pg < p1 < p2 <+ < py, which form the set RA;(p) n {7 : po < 7}. We now

inductively construct pj < pj < p5 < --- < p;, such that p’ := p], satisfies the claim.
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Therefore, we copy the edge connecting p; with p;1. If p; * pi+1 we can construct
arun p,,, ¢ RA;(p) such that p] # p;+1. Using Lemmas 7.2 and 7.3 we can ensure
that pf,, = p, o with len(7) bounded by n-4'-exp(p(JN])). Since m < 4" the claim
follows by iterative use of this observation.

o If RA;(p) nRA/(p) = @, we proceed analogous to Lemma 6.10. Let py be the
minimal element of RA; (p). Let ¢ be its final state and a be its final topmost stack
entry. Let m be the number of occurrences of elements in RA;(p) that end in state
q and with final topmost symbol a. Due to p ~; p’, m is also the number of elements
in RA;(p’) that end in state ¢ and with final topmost symbol a. Due to Lemmas
7.2 and 7.3 there are m + 1 elements of size at most n - 4! - exp(p(JNV])) that end
in state ¢ and end with topmost stack entry a. By pigeonhole principle, we can
set p{ to be one of these such that pj ¢ RA;(p’). Now, we proceed as in the local
case. Let py < p1 < p2 < -+ < pi be the enumeration of RA;(p). We define runs
po < P < p5 < -+ < pp such that p; is connected to p;41 via the same edge as p; to
i1 Due to Lemmas 7.2 and 7.3, p;41 can be chosen such that the run connecting
P with pf,, is bounded by n-4'-exp(p(IN])). Since k < 4" we conclude that p’ := p,
has length at most 4" - n - 4" - exp(p(IN])).

U

Corollary 7.6. FO model checking on 1-NPT can be solved by an alternating Turing ma-
chine in 2-EXPTIME.

Proof. Let ¢ € FO, and N some 1-PS. Iterated use of the previous lemmas shows that
Duplicator has a winning strategy in the r round game on NPT((N)) and NPT((N))
where he chooses elements of size bounded by r-exp(exp(q(r)))-exp(p(JN])) for some fixed
polynomials p and q. ]

8. CONCLUSION

In this paper we extended the notion of a nested pushdown tree and developed the hierarchy
of higher-order nested pushdown trees. These are higher-order pushdown trees enriched by
a jump relation that makes corresponding push and pop operations (of the highest level)
visible. This new hierarchy is an intermediate step between the hierarchy of pushdown trees
and the hierarchy of collapsible pushdown graphs in the sense that it contains expansions
of higher-order pushdown trees and is uniformly first-order interpretable in the class of
collapsible pushdown graphs. We hope that further study of this hierarchy helps to clarify
the relationship between the hierarchies defined by higher-order pushdown systems and by
collapsible pushdown systems. We have shown the decidability of the first-order model
checking on the first two levels of the nested pushdown tree hierarchy. The algorithm is
obtained from the analysis of restricted strategies in Ehrenfeucht-Fraissé games on nested
pushdown trees of level 2. The game analysis gets tractable due to the theory of relevant
ancestors in combination with shrinking constructions for level 2 pushdown systems. It is
open whether this approach extends to higher-levels. The theory of relevant ancestors gener-
alises to all levels of the hierarchy and provides an understanding of the Ehrenfeucht-Fraissé
games. Unfortunately, we do not have any kind of pumping or shrinking constructions for
pushdown systems of level 3 or higher.> The development of such shrinking construction

5See [19] for a counter-example to the wrong pumping lemma in [3].
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may yield the necessary bridge between the theory of relevant ancestors of n-NPT and the
dynamic-small-witness property needed for the development of a model checking algorithm.
Furthermore, better shrinking construction may imply elementary complexity bounds for
the FO model checking on 2-NPT. Another open question concerns the modal u-calculus
model checking on this new hierarchy. Note that the interpretation of n-NPT in collapsible
pushdown graphs of level n + 1 is almost modal but for the reversal of the jump edges
in comparison to the collapse edges used for their simulation. We conjecture that modal
u-calculus is decidable on the whole hierarchy of nested pushdown trees.

1]

2]
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